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CONFORMALLY KA¨HLER, EINSTEIN–MAXWELL
GEOMETRY
VESTISLAV APOSTOLOV AND GIDEON MASCHLER
Abstract. On a given compact complex manifold or orbifold (M,J), we
study the existence of Hermitian metrics g˜ in the conformal classes of Ka¨hler
metrics on (M,J), such that the Ricci tensor of g˜ is of type (1, 1) with re-
spect to the complex structure, and the scalar curvature of g˜ is constant.
In real dimension 4, such Hermitian metrics provide a Riemannian counter-
part of the Einstein–Maxwell equations in general relativity, and have been
recently studied in [4, 34, 35, 32]. We show how the existence problem of
such Hermitian metrics (which we call in any dimension conformally Ka¨hler,
Einstein–Maxwell metrics) fits into a formal momentum map interpretation,
analogous to results by Donaldson and Fujiki [22, 25] in the constant scalar
curvature Ka¨hler case. This leads to a suitable notion of a Futaki invari-
ant which provides an obstruction to the existence of conformally Ka¨hler,
Einstein–Maxwell metrics invariant under a certain group of automorphisms
which are associated to a given Ka¨hler class, a real holomorphic vector field
on (M,J), and a positive normalization constant. Specializing to the toric
case, we further define a suitable notion of K-polystability and show it pro-
vides a (stronger) necessary condition for the existence of toric, conformally
Ka¨hler, Einstein–Maxwell metrics. We use the methods of [5] to show that
on a compact symplectic toric 4-orbifold with second Betti number equal to
2, K-polystability is also a sufficient condition for the existence of (toric)
conformally Ka¨hler, Einstein–Maxwell metrics, and the latter are explicitly
described as ambitoric in the sense of [4]. As an application, we exhibit many
new examples of conformally Ka¨hler, Einstein–Maxwell metrics defined on
compact 4-orbifolds, and obtain a uniqueness result for the construction in
[34].
1. Introduction
1.1. Conformally Ka¨hler, Einstein-Maxwell metrics. In this paper, we
study a special class of (non-Ka¨hler in general) Hermitian metrics g˜, defined
on a compact complex Ka¨hler manifold (or orbifold) (M,J) of real dimension
2m ≥ 4 as follows.
Definition 1. Let g˜ be a Hermitian metric on (M,J) for which there exists a
positive smooth function f such that g = f2g˜ is a Ka¨hler metric, and which
satisfies the following curvature conditions:
(1) Ricg˜(J ·, J ·) = Ricg˜(·, ·),
(2) sg˜ = const,
where Ricg˜ and sg˜ denote the Ricci tensor and the scalar curvature of g˜. We
shall refer to such a conformally Ka¨hler, Hermitian metric as conformally Ka¨hler,
Einstein–Maxwell metric on (M,J).
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Note that, the Ricci tensor Ricg of the Ka¨hler metric g = f2g˜ also satisfies
(1), and the Ricci tensors of g˜ and g are related by (see e.g. [11, 1.161])
Ricg˜ = Ricg +
2m− 2
f
Dgdf + hg,
where Dg denotes the Levi–Civita connection of g and h is a smooth function
not given here explicitly. It is thus easily seen that condition (1) is equivalent to
the fact that the vector field K = Jgradgf is Killing for both g and g˜, whereas
condition (2) reads as
(3) sg˜ = 2
(2m− 1
m− 1
)
fm+1∆g
( 1
f
)m−1
+ sgf
2 = const,
where ∆g is the Riemannian Laplacian of g and sg is the scalar curvature of g.
In other words, conformally Ka¨hler, Hermitian metrics g˜ on (M,J) satisfying
(1)-(2) are in one-to-one correspondence with Ka¨hler metrics g on (M,J) which
admit a Killing vector field K with a positive Killing potential f , satisfying (3).
In order to explain the relation with the Einstein–Maxwell equations, recall
that any Hermitian metric (g˜, J) such that f2g˜ is Ka¨hler satisfies the relation
(4) g˜(Dg˜XJ ·, ·)) =
1
2
(
X♭ ∧ Jθ + JX♭ ∧ θ
)
,
where θ = −2d log f , Dg˜ stands for the Levi–Civita connection of g˜ and ♭ (resp.
♯) denotes the isomorphism g˜ : TpM → T
∗
pM (resp. g˜
−1 : T ∗pM → TpM). This
is essentially [33, Ch. IX, Prop. 4.2], taking in mind that in our case dF = θ∧F ,
where F (X,Y ) := g˜(JX, Y ) denotes the fundamental 2-form of (g˜, J)). Letting
Ricg˜0 denote the trace-free part of Ric
g˜ and ρg˜0(·, ·) = Ric
g˜
0(J ·, ·) the corresponding
primitive (1, 1)-form, it follows that
(δg˜ρg˜0)(X) =
2m∑
i=1
(
Ricg˜0(ei, (D
g˜
eiJ)(X)) +
(
(Dg˜eiRic
g˜
0)(ei, JX)
))
=−
1
2
2m∑
i=1
(
(ei
♭ ∧ Jθ + Jei
♭ ∧ θ
)(
Ricg˜0(ei)
♯,X)
)
− (δg˜Ricg˜0)(JX)
=ρg˜0(θ
♯,X) +
(m− 1)
2m
(Jdsg˜)(X),
(5)
where {e1, . . . , e2m} is any g˜-orthonormal frame, δ
g˜ is the formal adjoint of Dg˜,
and we have used (4) and the Ricci identity δg˜Ricg˜0 =
m−1
2m ds
♯
g˜. It follows that
the (1, 1)-form 1
f2
ρg˜0 is co-closed iff sg˜ is constant. In other words, for any
conformally-Ka¨hler, Einstein–Maxwell metric g˜, the trace-free Ricci endomor-
phism rg˜0 can be written as
(6) rg˜0 = −(ω
♯) ◦ (
1
f2
ρg˜0)
♯,
where ω(·, ·) = g(J ·, ·) is the closed Ka¨hler form of the Ka¨hler metric g, while
( 1f2 ρ
g˜
0) is a co-closed (1, 1)-form which is orthogonal to ω, and the superscript
♯ denotes the skew-symmetric endomorphisms corresponding to these forms via
the metric g˜.
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When m = 2, both ω and ( 1
f2
ρg˜0) are harmonic with respect to g˜, as they
are, respectively, closed self-dual and co-closed anti-self-dual 2-forms. Thus, in
this case, g˜ is a metric of Riemannian signature satisfying the Einstein–Maxwell
equations in General Relativity. We also notice that in this case, the Riemannian
Goldberg–Sachs theorem (see e.g. [3]) implies that a Hermitian metric g˜ which
satisfies (1) and (2) is automatically conformally Ka¨hler as soon as (M,J) admits
a Ka¨hler metric (i.e. the first Betti number of M is even).
1.2. Motivation and examples. There are two special cases of conformally
Ka¨hler, Einstein–Maxwell metrics, which are well-studied.
The first one is the case when the conformal factor f is constant, i.e. g˜ is a
constant scalar curvature Ka¨hler metric (cscK for short). The theory of cscK
metrics represents a most active area of current research. While this case will be
considered trivial from the point of view of the theory developed in this paper
(as in this case it will add no new results), the theory of cscK metrics will play
a pivotal role in motivating the results in the case when f is not constant.
The second case of special interest is when g˜ is Einstein, i.e. Ricg˜ =
sg˜
2m g˜.
When m = 2, smooth compact complex surfaces admitting conformally Ka¨hler,
Einsten metrics have been classified by Chen–LeBrun–Weber [14]. Apart from
the Ka¨hler–Einstein case (i.e. when f = const.) which is classified in [43], there
are only two such Hermitian surfaces, namely the first Hirzebruch surface F1
with the Page metric [40] on it, and the blow-up of F1 at one point, for which
existence of the metric was shown in [14]. In both cases, the resulting Einstein
metrics are toric, i.e. contain a 2-dimensional torus in their isometry groups.
Furthermore, it was shown in [5] that there exist continuously countable families
of toric compact Einstein, conformally Ka¨hler 4-orbifolds.
When m > 2, the situation is more rigid, as shown by Derdzinski–Maschler
[19, 20]: the only compact smooth complex manifolds admitting conformally
Ka¨hler, non-Ka¨hler, Einsten metrics are certain CP 1-bundles over a Fano, Ka¨hler–
Einstein manifold with a metric found by L. Be´rard-Bergery [9]. However, it ap-
pears likely that the methods of [20] allow to construct more orbifold examples.
It was recently observed [34, 35] that many more examples of conformally
Ka¨hler, Einstein–Maxwell metrics exist on toric compact complex surfaces (M,J)
with second Betti number b2(M) = 2 (i.e. CP
1 × CP 1 and the Hirzebruch sur-
faces Fk, k ≥ 1), and that these examples share a remarkable resemblance with
the theory of extremal Ka¨hler metrics pioneered by Calabi [13], and intensively
developed since then. Further examples on ruled complex surfaces of higher
genus are found in the recent work [32]. A large family of local toric examples
also appears in [4].
1.3. Outline of the main results. First, we recast the problem of finding
(non-Ka¨hler) conformally-Ka¨hler, Einstein–Maxwell metrics within the frame-
work of moment maps for the action of a suitable infinite dimensional subgroup of
hamiltonian diffeomorphisms on the Fre´chet space of compatible complex struc-
tures on a given compact symplectic manifold or orbifold (M,ω), with respect to
a suitably defined symplectic structure. This is the content of Theorem 1, which
can be viewed as an extension of the results by Fujiki [25] and Donaldson [22]
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obtained in the cscK case to the more general conformally–Ka¨hler, Einstein–
Maxwell case. We emphasize that this construction depends upon fixing in ad-
vance a hamiltonian vector field K within the Lie algebra of a compact subgroup
G of hamiltonian transformations of (M,ω), as well as a positive hamiltonian f
for K.
As a direct consequence of the formal GIT picture provided by Theorem 1,
we show in Corollary 1 that there exists a Futaki invariant which is an obstruc-
tion to the existence of Einstein–Maxwell metrics with conformal factor f , in
the conformal classes of G-invariant, ω-compatible Ka¨hler metrics on a given
compact symplectic manifold (or orbifold) (M,ω).
As another application of Theorem 1, we consider the problem of the existence
of conformally-Ka¨hler, Einstein–Maxwell metrics within the classical framework
of Ka¨hler geometry, pioneered by the work of Calabi [13], in which the complex
structure J is fixed, and the Ka¨hler metric g varies within a given Ka¨hler class
on (M,J). Corollary 2 provides the relevant notion of Futaki invariant in this
setting.
In Section 3, we specialize to the case when (M,ω,T) is a compact toric
symplectic manifold or orbifold, and K ∈ Lie(T) is a vector field with a positive
hamiltonian f . We demonstrate how the existence problem for toric conformally-
Ka¨hler, Einstein–Maxwell metrics with conformal factor f fits within the general
framework of toric cscK metrics, developed by S. Donaldson [23]. This leads
both to a more subtle obstruction, the so-called K-polystability (Theorem 2
and Corollary 3) and a uniqueness result (Theorem 3). The main conjecture
from [23] is then that a solution exists if and only if the corresponding Delzant
polytope of (M,ω,T) is K-polystable (Conjecture 1).
As an application of the theory, in Section 4 we specialize to the case of com-
pact symplectic toric 4-orbifolds whose Delzant polytope is either a triangle (i.e.,
up to an orbifold cover (M,ω) is a weighted projective plane) or a quadrilateral
(equivalently, a compact toric orbifold with second Betti number b2 = 2).
In the first case, we prove in Theorem 4 that any conformally-Ka¨hler, Einstein–
Maxwell metric must be Einstein and, therefore, conformal to the Bochner–flat
Ka¨hler metric on such a space, see [12, 16] for a classification.
In the second case, we demonstrate in Theorem 5 how a straightforward mod-
ification of the analysis in [5] confirms the main Conjecture 1 in this special
toric case. As a bi-product, we establish an interesting bijective correspondence
between compact toric 4-orbifolds with b2 = 2, admitting conformally Ka¨hler,
Einstein–Maxwell metrics on one side, and compact toric 4-orbifolds with b2 = 2
admitting an extremal Ka¨hler metric with positive scalar curvature on the other
(Proposition 3). This leads to many new examples (Corollary 4) which can
be considered as orbifold compactifications of the Riemannian analogues of the
Pleban´ski–Demian´ski [41] Lorentzian Einstein–Maxwell metrics.
Various related topics are discussed in Section 5.
The first one is the definition of a quantized version of the new Futaki in-
variant on a polarized variety, which we discuss in Section 5.1. This leads to a
suitable notion of ‘K-stability’ for conformally-Ka¨hler, Einstein–Maxwell met-
rics associated to a polarization. While we do not explore in this paper the
relation between this notion of K-stability and the existence of conformally-
Ka¨hler, Einstein–Maxwell metrics, we note that in the toric case, this suggested
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notion reduces to the one introduced in Section 3 when one restricts to special
(toric) degenarations.
In Section 5.2, we characterize conformally Ka¨hler, Einstein–Maxwell metrics
on connected four manifolds which are in fact Einstein, showing that the corre-
sponding Ka¨hler metric must be extremal and the conformal factor must be a
multiple of its scalar curvature.
In the final Section 5.3, we present two uniqueness results, involving explicit
calculations of the Futaki invariant. The first one (Proposition 5) shows that the
Futaki invariant of a toric Ka¨hler metric with respect to a positive Killing poten-
tial on a weighted projective plane CP 2a0,a1,a2 vanishes if and only if CP
2
a0,a1,a2
admits an Einstein, conformally-Ka¨hler metric, in which case, as mentioned
above, the function f is determined uniquely up to scale. The second result
(Corollary 6) shows that a conformally Ka¨hler, Einstein–Maxwell metric on
CP
1 × CP1, which has a 2-dimensional torus worth of isometries, must be iso-
metric to one of the examples found by LeBrun in [34]. Symbolic computational
software calculations of the Futaki invariant are used in the derivation of this
result.
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2. A Futaki invariant
2.1. The momentum map setting. In this section we adapt the arguments
from [22, 25]. Let g˜ = 1
f2
g be a conformally Ka¨hler, Einstein–Maxwell metric on
a compact complex manifold (M,J) of complex dimensionm ≥ 2. As mentioned
in Section 1.1, the vector field K = Jgradgf is Killing for both g and g˜ and has
zeroes. It follows that K ∈ Lie(G˜), where Lie denotes a Lie algebra and G˜ =
Isom(M, g˜)∩Autr(M,J) is intersection of the isometry group of g˜ with the group
Autr(M,J) of reduced automorphisms of (M,J), see e.g. [27] for a definition.
Notice that the Ka¨hler metric g is also G˜-invariant, and K belongs to the center
of Lie(G˜). Indeed, G˜ acts by conformal transformations of g and preserves the
complex structure J . As the only Ka¨hler metrics in the conformal class [g]
are homotheties of g, and G˜ acts trivially in cohomology (being a subgroup of
Autr(M,J)), it follows that G˜ preserves the Ka¨hler form ω = g(J ·, ·) (as it is
harmonic), hence also g. As both g and g˜ are G˜-invariant, the conformal factor
1
f2
must be G˜ invariant too, i.e. K must be in the center of Lie(G˜). For practical
purposes, it will be more convenient to work with a maximal torus G ⊂ G˜ in the
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connected component of the identity of G˜, but this assumption is not essential
in what follows, as long as K belongs to the Lie algebra g of the subgroup G.
Note that being central, K ∈ g := Lie(G) if G is a maximal sub-torus of G˜. We
shall further fix a Killing potential f of K, which is, equivalently, a hamiltonian
function associated to K, i.e. ıKω = −df .
Denote by CGω the space of all ω-compatible G-invariant complex structures
on (M,ω) and consider the natural action on CGω of the group Ham
G(M,ω) of
G-equivariant hamiltonian transformations of (M,ω). We shall identify its Lie
algebra with the space (C∞0 (M))
G of G-invariant smooth functions on M with
zero mean with respect to vω = ω
m/m! (endowed with the Poisson bracket).
The space CGω carries a formal Fre´chet Ka¨hler structure, (J ,Ω
f ), defined by
JJ(J˙) = JJ˙, Ω
f
J(J˙1, J˙2) =
1
2
∫
M
tr
(
JJ˙1J˙2
) 1
f2m−1
vω,
where the tangent space of CGω at J is identified to be the Fre´chet space of smooth
sections J˙ of End(TM) satisfying
J˙J + JJ˙ = 0, ω(J˙ ·, ·) + ω(·, J˙ ·) = 0.
Note that the formal complex structure J is the same as the one in [22, 25],
whereas we have used the fixed positive hamiltonian f in order to modify the
formal symplectic form Ωf (which stays closed, as can easily be checked).
In the following we shall use the notation gJ to denote the Ka¨hler met-
ric corresponding to a given G-invariant ω-compatible complex structure J :
gJ(·, ·) = ω(·, J ·). The conformally related metric
1
f2
gJ will be denoted gJ,f .
Objects associated to these metrics, such as their scalar curvatures, will be in-
dexed similarly.
Theorem 1. The action of HamG(M,ω) on (CGω ,J ,Ω
f ) is hamiltonian with a
momentum map given by the 〈·, ·〉f -dual of the scalar curvature sJ,f of the Her-
mitian metric gJ,f =
1
f2
gJ , where 〈ϕ,ψ〉f =
∫
M ϕψ
1
f2m+1
vω is an ad-invariant
scalar product defined on the Lie algebra (C∞0 (M))
G of Ham(M,ω)G.
Proof. Recall that the scalar curvature sJ,f of gJ,f =
1
f2
gJ is related to the scalar
curvature sJ of gJ by (3), i.e.
(7) sJ,f = 2
(2m− 1
m− 1
)
fm+1∆J
( 1
f
)m−1
+ sJf
2,
where ∆J denotes the Laplace operator of gJ . Integrating by parts, it follows
that for any smooth function h∫
M
sJ,f
( h
f2m+1
)
vω = 2m(2m − 1)
∫
M
h
f2m+1
gJ (df, df)vω
− 2(2m− 1)
∫
M
1
f2m
gJ (df, dh)vω +
∫
M
sJ
( h
f2m−1
)
vω
= 2m(2m− 1)
∫
M
h
f2m+1
gJ
(
ω−1(df), ω−1(df)
)
vω
− 2(2m− 1)
∫
M
1
f2m
gJ
(
ω−1(df), ω−1(dh)
)
vω
+
∫
M
sJ
( h
f2m−1
)
vω,
(8)
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where ω−1 = −Jg−1 : T ∗pM → TpM denotes the symplectic isomorphism be-
tween 1-forms and vectors.
For a curve J(t) ∈ CGω , denote by J˙ =
d
dtJ(t) its first variation. As J(t)
are ω-compatible almost-complex structures, we have J˙J = −JJ˙ and ω(J˙ ·, ·) =
gJ(JJ˙ , ·, ·) = −ω(·, J˙ ·) = gJ (·, JJ˙ ·). It follows that g˙J(·, ·) = −gJ(·, JJ˙ ·) =
gJ(·, J˙J ·). It is well-known, see e.g. [27], that with respect to the Ka¨hler metric
gJ , s˙J = −δJδJ˙ . Thus, for any path J(t) ∈ C
G
ω and a smooth function h, we
have
(9)
d
dt
∫
M
(sJ(t),f )
h
f2m+1
vω = 2m(2m − 1)
∫
M
h
f2m+1
g˙J
(
ω−1(df), ω−1(df)
)
vω
− 2(2m − 1)
∫
M
1
f2m
g˙J
(
ω−1(df), ω−1(dh)
)
vω +
∫
M
s˙J
( h
f2m−1
)
vω
=− 2m(2m − 1)
∫
M
h
f2m+1
gJ
(
Jdf, JJ˙Jdf
)
vω
+ 2(2m − 1)
∫
M
1
f2m
gJ
(
Jdf, JJ˙Jdh
)
vω −
∫
M
(δJδJ˙ )
( h
f2m−1
)
vω
= 2m(2m− 1)
∫
M
h
f2m+1
gJ(df, JJ˙df)vω
− 2(2m − 1)
∫
M
1
f2m
gJ (df, JJ˙dh)vω +
∫
M
gJ
(
J˙ ,DJd
( h
f2m−1
))
vω
= 2m(2m− 1)
∫
M
h
f2m+1
gJ(df, JJ˙df)vω
− 2(2m − 1)
∫
M
1
f2m
gJ (df, JJ˙dh)vω +
∫
M
1
f2m−1
gJ(J˙ ,DJdh)vω
− (2m− 1)
∫
M
h
f2m
gJ(J˙ ,DJdf)vω − 2(2m − 1)
∫
M
1
f2m
gJ (J˙ , df ⊗ Jdh)vω
+ 2m(2m − 1)
∫
M
( h
f2m+1
)
gJ(J˙ , df ⊗ Jdf)vω
=
∫
M
1
f2m−1
gJ (J˙ ,DJdh)vω ,
where we have used for the last equality the fact that f is a Killing with respect
to gJ if and only if the J-anti-invariant part of DJdf is zero (D stands for the
Levi–Civita connection of gJ), see e.g. [27], and that J˙ anti-commutes with J .
On the other hand, for any ϕ ∈ (C∞0 (M))
G, the induced vector field on CGω is
ZˆJ = −LZJ = −2J(DJdϕ
♯)sym, where Z = Jdϕ♯ is the hamiltonian vector field
corresponding to ϕ, the superscript ‘♯’ stands for the map g−1J : T
∗M → TM
whereas the superscript ‘sym’ denotes the symmetric part with respect to gJ . It
follows that
Ω
f
J(ZˆJ , J˙) = −
∫
M
1
f2m−1
gJ (DJdϕ, J˙)vω
= −
∫
M
( s˙g,J
f2m+1
)
ϕ vω,
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showing that sJ,f is the 〈·, ·〉f -dual of a momentum map associated to each
ZˆJ . The Ham
G(M,ω)-equivariance of the map µ(J) := −〈sJ,f , ·〉f is a direct
consequence of the fact that the inner product 〈·, ·〉f is Ad-invariant with respect
to HamG(M,ω), which in turn uses that f Poisson-commutes with any function
in (C∞0 (M))
G. 
Remark 1. Instead of CGω , one can consider the larger contractible Freche´t space
AKGω of G-invariant ω-compatible almost-Ka¨hler structures J , and extend the
definition of (J,Ωf ) in an obvious way. Then, the computation in the proof of
Theorem 1 and the formulae in [27, Ch. 8] (see also [37, Lemma 2.1 & Prop. 3.1])
imply that the momentum map for the action of HamG(M,ω) on (AKGω ,J,Ω
f )
is the 〈·, ·〉f -dual of the functional
sJ,f := 2
(2m− 1
m− 1
)
fm+1∆J
( 1
f
)m−1
+ sJf
2,
where sJ denotes the Hermitian scalar curvature of gJ (i.e. the trace of its Ricci
form with respect to the canonical Hermitian connection, see e.g [37]) and ∆J
is the Laplacian of gJ .
As an immediate consequence of Theorem 1 (or, equivalently, formula (9) with
h a Killing potential w.r.t. gJ) and Remark 1 (using that AK
G
ω is contractible),
we obtain
Corollary 1. Let (M2m, ω) be a compact symplectic manifold or orbifold, G ⊂
Ham(M,ω) a compact subgroup with Lie algebra g, and f an everywhere positive
hamiltonian of an element K ∈ g. Then
(10) cω,f :=
( ∫
M
sJ,f
f2m+1
vω
)/(∫
M
1
f2m+1
vω
)
and, for each vector field H ∈ g with a hamiltonian h, the integral
(11) FGω,f (H) :=
∫
M
(sJ,f − cω,f )
h
f2m+1
vω
are independent of the choice of J ∈ CGω and of the hamiltonian h. In particular,
the linear map FGω,f : g→ R must be zero, should a conformally Ka¨hler, Einstein–
Maxwell metric with conformal factor 1/f2 exist for some J ∈ CGω .
Definition 2. The linear map FGω,f : g → R defined by (10) and (11) will be
called the Futaki invariant of (M,ω,G, f).
2.2. The Futaki invariant for a Ka¨hler class. Theorem 1 implies that find-
ing conformally Ka¨hler, Einstein–Maxwell metrics with conformal factor 1/f2
corresponds to finding zeroes of a momentum map (in an infinite dimensional
setting). GIT then suggests that a solution to this problem would be unique on
each ‘complexified’ orbit for the action of HamG(M,ω), and would exist in such
an orbit under suitable stability conditions. As observed in [22], by using the
G-equivariant Moser lemma, for each J ∈ CGω , one can identify the corresponding
‘complexified’ orbit with the space of G-invariant Ka¨hler metrics in the Ka¨hler
class Ω = [ω] on (M2m, J). We shall thus adapt our theory to this classical
setting.
We thus consider a compact complex Ka¨hler manifold (or orbifold) (M,J), fix
a compact subgroup G ⊂ Autr(M,J) in the group of reduced automorphisms
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of (M,J), and consider a fixed Ka¨hler class Ω on (M,J). Denote by KGΩ the
space of G-invariant Ka¨hler metrics ω in Ω (tacitly identifying Ka¨hler metrics
and forms). General theory implies that for any K ∈ g and any ω ∈ KGΩ , the
vector field K is a hamiltonian with respect to ω, i.e.
ιKω = −dfω,K
for a smooth function fω,K on M . Such a function is called a Killing potential of
K with respect to ω. Of course, fK,ω is defined only up to an additive constant,
so in order to avoid this ambiguity, we require∫
M
fK,ωvω = a,
where a is a fixed real constant and vω =
1
m!ω
m is the volume form of ω. We shall
thus denote by fK,ω,a the unique function satisfying the above two relations.
In what follows, we shall fix the vector fieldK and, choosing a reference metric
ω ∈ KGΩ , a constant a > 0 such that fK,ω,a > 0 on M . It is not hard to prove
the following
Lemma 1. Suppose that fK,ω,a is an everywhere positive Killing potential of K
with respect to ω ∈ KGΩ . Then, for any other metric ω
′ ∈ KGΩ , the corresponding
Killing potential fK,ω′,a is everywhere positive.
Proof. By the equivariant Moser lemma, for any ω, ω′ ∈ KGΩ there exist a dif-
feomorphism Φ, which commutes with the action of G, such that Φ∗ω′ = ω. As
Φ∗K = K, it follows that fK,ω′,a ◦ Φ = fK,ω,a. 
Because of this observation, the following problem, which will be of consider-
able importance to us, is well-defined on KGΩ :
Problem 1. Does there exists an ω ∈ KGΩ , such that the conformal Hermitian
metric g˜ω(X,Y ) =
1
f2
K,ω,a
ω(X,JY ) is Einstein–Maxwell?
By the discussion in the previous section, we are looking for metrics ω ∈ KGΩ
such that the corresponding scalar curvature of g˜
(12) sg˜,ω = 2
(2m− 1
m− 1
)
fm+1K,ω,a∆ω
( 1
fm−1K,ω,a
)
+ sωf
2
K,ω,a
is constant, where ∆ω and sω denote the Laplacian and scalar curvature of the
Ka¨hler metric g(·, ·) = ω(·, J ·) corresponding to ω.
Corollary 2. Let (M,J) be a compact complex manifold of complex dimension
m ≥ 2, G ⊂ Autr(M,J) a compact subgroup, K ∈ g = Lie(G) a vector field,
and a > 0 a real constant such that K has a positive Killing potential fK,ω,a
with integral equal to a with respect to any ω ∈ KGΩ . Then, for any vector field
H ∈ Lie(G) with Killing potential hH,ω,b with respect to ω, the integral∫
M
sg˜,ωhH,ω,b
( 1
fK,ω,a
)2m+1
vω
is independent of the choice of ω and b. In particular,
(13) cΩ,K,a :=
∫
M sg˜,ω
(
1
fK,ω,a
)2m+1
vω∫
M
(
1
fK,ω,a
)2m+1
vω
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is a constant independent of ω ∈ KGΩ , and for any vector field H ∈ g
(14) FGΩ,K,a(H) :=
∫
M
(sg˜,ω − cΩ,K,a
f2m+1K,ω,a
)
hH,ω,b vω
introduces a linear function on g which must vanish, should a solution to Prob-
lem 1 exist.
Proof. As in the proof of Lemma 1, we can use G-equivariant Moser lemma in
order to reduce the problem to one concerning ω-compatible G-invariant complex
structures in the same connected component of CGω . The claim then follows from
Corollary 1, or equivalently, by (9), by taking h to be another Killing potential
(and thus satisfying gJ(DJh, J˙ ) = 0 as J˙ and J anti-commute. 
Definition 3. The linear map FGΩ,K,a : g → R will be referred to as the Futaki
invariant associated to (Ω, G,K, a).
3. The toric case
We now specialize to the case when G = T is an m-dimensional torus, where
we recall, m is the complex dimension of (M,J). Before summarizing some
of the standard theory of Ka¨hler toric metrics, we remark that we will call a
conformally Ka¨hler, Einstein-Maxwell metric g˜ toric if Isom(g˜) ∩ Autr(M,J)
contains a torus T of dimension m.
We shall use the formalism of [29, 2], i.e. we fix a T-invariant symplectic form
ω in Ω, a positive hamiltonian function f for K, and vary the Ka¨hler metrics
within the set CTω of T-invariant, ω-compatible complex structures on (M,ω,T).
It is a basic fact of the theory that any two elements J ′, J ∈ CTω are biholomorphic
under a T-equivariant diffeomorphism Φ which acts trivially on the cohomology
class of [ω], i.e. Φ∗ω is a Ka¨hler form in KT[ω] on (M,J). The converse is also
true by the equivariant Moser lemma.
As the action of T ⊂ Autr(M,J) is individually hamiltonian (i.e. each
K ∈ Lie(T) admits a hamiltonian function with respect to ω) it is therefore
hamiltonian, so one can use the Delzant description [17, 38] of (M,ω,T) in
terms of the corresponding momentum image ∆ = µ(M) ⊂ t∗ and a set of non-
negative defining affine functions L = (L1, . . . , Ld) for ∆, defined on the vector
space t∗ = Lie(T) ∼= Rm. In fact, the theory extends naturally to orbifolds, in
which case the data (∆,L) is refereed to as a labelled rational Delzant polytope,
see [38], and classifies (M,ω,T) up to an equivariant symplectomorphism.
In the following, we let Λ denote the lattice of circle subgroups of T, defined
up to a factor 2π as the kernel of the exponential map from t to T, i.e. T =
t/2πΛ. On the union M0 := µ−1(∆0) of the generic orbits of the T-action, the
Ka¨hler metrics in CTω have a general expression due to V. Guillemin [29]. In
this description, the momentum map µ : M0 → t∗ is supplemented by angular
coordinates t : M → t/2πΛ such that the kernel of dt is orthogonal to the torus
orbits. These action-angle coordinates (µ, t) identify each tangent space to M0
with t⊕t∗, and the symplectic form is ω = 〈dµ∧dt〉, where 〈·〉 denotes contraction
of t and t∗. Hence invariant ω-compatible Ka¨hler metrics on M0, i.e. toric
metrics, have the form
(15) gJ = 〈dµ,G,dµ〉+ 〈dt,H,dt〉,
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where G is a positive definite S2t-valued function of µ (with S2t the symmetric
tensor product of t), H is its point-wise inverse in S2t∗ (at each point, G and
H define mutually inverse linear maps t∗ → t and t → t∗) and 〈·, ·, ·〉 denotes
the point-wise contraction t∗ × S2t × t∗ → R or the dual contraction. The
corresponding almost complex structure is defined by
(16) Jdt = −〈G,dµ〉,
and J is integrable if and only if G is the Hessian of a smooth convex function
u, called the symplectic potential of (ω, J) [29, 2].
Necessary and sufficient conditions for H to come from a globally defined
metric on M are obtained in [2, 7, 24]. Here we use the first order boundary
conditions given in [7, §1]. In order to state them, we denote by tF ⊆ t (for any
face F ⊆ ∆) the vector subspace spanned by the inward normals uj ∈ t to facets
containing F . Thus the tangent plane to points in the interior F 0 of F is the
annihilator t0F
∼= (t/tF )
∗ of tF in t
∗.
Proposition 1. Let (M,ω) be a compact toric symplectic 2m-manifold or orb-
ifold with momentum map µ : M → ∆ ⊂ t∗, and H be a positive definite
S2t∗-valued function on ∆0. Then H defines a T-invariant, ω-compatible almost
Ka¨hler metric g on M via (15) if and only if it satisfies the following conditions:
• [smoothness] H is the restriction to ∆0 of a smooth S2t∗-valued function on
∆;
• [boundary values] for any point ξ on the facet Fj ⊂ ∆ with inward normal
uj = dLj ∈ t,
(17) Hξ(uj , ·) = 0 and (dH)ξ(uj , uj) = 2uj ,
where the differential dH is viewed as a smooth S2t∗ ⊗ t-valued function on
∆;
• [positivity] for any point ξ in the interior of a face F ⊆ ∆, Hξ(·, ·) is positive
definite when viewed as a smooth function with values in S2(t/tF )
∗.
It follows that, up to a T-equivariant isometries, the space CTω can be iden-
tified with the function space S(∆,L) of all smooth, strictly convex functions
u on ∆0 such that Hu := Hess(u)−1 satisfies the conditions of Proposition 1.
A key feature of this description is the remarkably simple expression, found by
Abreu in [1], for the scalar curvature sJ of the Ka¨hler metric determined by
J ∈ CTω , in terms of the corresponding symplectic potential u ∈ S(∆,L). We
introduce an identification t ∼= Rm which gives rise to momentum/angle coordi-
nates (µ1, . . . , µm, t1, . . . , tm) around each point of M
0. The scalar curvature of
gJ is then given by
(18) sJ = −
m∑
i,j=1
Huij,ij = −
m∑
i,j=1
u,ij,ij,
where, for a smooth function ϕ of µ = (µ1, . . . , µm), we denote by ϕ,i the partial
derivative ∂ϕ/∂µi and let H
u := (u,ij)
−1 be the inverse of the Hessian.
Note that (15) and the symplectic form are now given by
(19) gJ =
m∑
i,j=1
(
u,ijdµidµj +H
u
ijdtidtj
)
, ω =
m∑
i=1
dµi ∧ dti,
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whereas (16) reads as
Jdµi =
m∑
j=1
Huijdtj,
so that, for any smooth function ϕ of µ1, . . . , µm, one has
ddcJϕ =
m∑
i,j,k=1
(
ϕ,jH
u
jk
)
,i
dµi ∧ dtk,
∆Jϕ = −
m∑
i,j=1
(
ϕ,iH
u
ij
)
,j
= −
m∑
i,j=1
ϕ,ijH
u
ij −
m∑
i,j=1
ϕ,iH
u
ij,j.
(20)
In what follows, f will be a fixed affine function which is positive on ∆ (so
that the pull-back of f by µ is a Killing potential for any Ka¨hler metric gJ cor-
responding to an element J ∈ CTω). In particular, f,ij = 0. Thus, one computes
for any smooth matrix-valued function H = (Hij) on ∆
m∑
i,j=1
( Hij
f2m−1
)
,ij
=
1
f2m−1
m∑
i,j=1
Hij,ij
+
2m(2m− 1)
f2m+1
m∑
i,j=1
Hijf,if,j
−
2(2m− 1)
f2m
m∑
i,j=1
Hij,jf,i
(21)
From (7), (18) and (20), and the above equality one gets for the scalar curvature
sJ,f of
1
f2
gJ
(22)
sJ,f
f2m+1
= −
m∑
i,j=1
( 1
f2m−1
Huij
)
,ij
.
Remark 2. Formula (22) can alternatively be obtained by Theorem 1 and a
direct check as in [23] that −
∑m
i,j=1
(
1
f2m−1
Huij
)
,ij
computes the momentum
map of the action of HamT(M,ω) on S(∆,L).
Thus, Problem 1 reduces to finding u ∈ S(∆,L) such that
(23) −
m∑
i,j=1
( 1
f2m−1
Huij
)
,ij
=
c∆,L,f
f2m+1
,
where c∆,L,f is (necessarily) a constant determined by (∆,L) (see (32) for a
precise definition). Note that this is very similar, and yet different (when f is
not constant) from the general problem of prescribing the value of −
∑m
i,j=1H
u
ij,ij
discussed in [23]; multiplying (23) by the positive factor f2m−1, we obtain an
equation for u which is of the type studied in [8, Sect. 3.1]. In the reminder
of this section, we briefly review the theory pioneered in [23], which has been
adapted to this class of equations in [8].
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The standard Lebesgue measure dµ = dµ1 ∧ . . . ∧ dµm on t
∗ ∼= Rm and the
affine labels L = (L1, . . . , Ld) of ∆ induce a measure dσ on each facet Fi ⊂ ∂∆
by letting
(24) dLi ∧ dσ = −dµ.
With this normalization, we have the following
Lemma 2. Let H be any smooth S2t∗-valued function on ∆ which satisfies
the boundary condition (17) of Proposition 1, but not necessarily the positivity
condition. Then, for any smooth functions ϕ,ψ on t∗∫
∆
( m∑
i,j=1
(
ψHij
)
,ij
)
ϕ dµ =
∫
∆
( m∑
i,j=1
(ψHij)ϕ,ij
)
dµ− 2
∫
∂∆
ϕψdσ.
Proof. The proof is elementary and uses integration by parts: recall that for any
smooth t∗-valued function V = (V1, . . . , Vm) on t
∗, Stokes theorem gives
(25)
∫
∆
m∑
j=1
Vj,jdµ = −
d∑
k=1
∫
Fk
〈V, dLk〉dσ,
where we have used the convention (24) for dσ. Let H˜ = ψH. We shall use the
identity
(26)
m∑
i,j=1
ϕ,ijH˜ij =
m∑
i,j=1
ϕH˜ij,ij −
m∑
j=1
Vj,j,
where
(27) Vj := ϕ
m∑
i=1
H˜ij,i −
m∑
i=1
ϕ,iH˜ij .
It follows by (26) and (25) that
(28)
∫
∆
m∑
i,j=1
ϕ,ijH˜ijdµ =
∫
∆
m∑
i,j=1
ϕH˜ij,ij +
d∑
k=1
∫
Fk
〈V, dLk〉dσ.
On each facet Fk we have, using a basis {e1, . . . em} of t,
〈dLk, V 〉 =
m∑
j=1
〈dLk, e
∗
j 〉Vj
=
m∑
j=1
〈dLk, e
∗
j 〉(ϕ
m∑
i=1
H˜ij,i −
m∑
i=1
ϕ,iH˜ij)
= ϕ
m∑
i=1
〈dH˜(dLk, ei), e
∗
i 〉 −
m∑
i=1
H˜(dLk, dϕ).
(29)
Using (17), we have H˜(dLk, ·) = 0 on Fk and dH˜(dLk, ei) = ψdH(dLk, ei). It
thus follows (e.g. by choosing a basis e1 = dLk, e2, . . . , em with e
∗
j tangent to Fk
for j > 1) that
m∑
i=1
〈dH˜(dLk, ei), e
∗
i 〉 = ψ
m∑
i=1
〈dH(dLk, ei), e
∗
i 〉 = 2ψ.
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Substituting back in (29) and then the result in (28) completes the proof. 
Applying the above lemma for ψ = 1f2m−1 and H smooth on ∆ and satisfying
(17), one has
−
∫
∆
( m∑
i,j=1
( 1
f2m−1
Hij
)
,ij
)
ϕ dµ =−
∫
∆
1
f2m−1
( m∑
i,j=1
Hijϕ,ij
)
dµ
+ 2
∫
∂∆
( ϕ
f2m−1
)
dσ
(30)
for any smooth function ϕ; specializing to ϕ affine, one sees that the rhs is
manifestly independent of H, in accordance with Corollary 1.
In order to relate this to the Futaki invariant, consider the following quantity,
for any constant c, any smooth H which satisfies the boundary conditions of
Proposition 1 (but is not necessarily positive definite or an inverse of a Hessian)
and any smooth function ϕ:
F∆,L,f(ϕ) :=2
∫
∂∆
( ϕ
f2m−1
)
dσ − c
∫
∆
ϕ
f2m+1
dµ
=−
∫
∆
( c
f2m+1
+
m∑
i,j=1
( 1
f2m−1
Hij
)
,ij
)
ϕ dµ
+
∫
∆
1
f2m−1
( m∑
i,j=1
Hijϕ,ij
)
dµ,
(31)
where the second and third line follow from the first by (30). Now, in the
special case where for some u ∈ S(∆,L), H = Hu is a positive definite inverse
of a Hessian while c is the constant cω,f of Corollary 1, it follows that F∆,L,f
equals 1(2π)m times the Futaki invariant, when restricted to functions ϕ which
are affine in momenta. This can be seen from the definition (11) together with
(22) and (30).
Defining
(32) c∆,L,f := 2
(∫
∂∆
1
f2m−1
dσ∫
∆
1
f2m+1
dµ
)
,
we now obtain the following straightforward analogue of the results in [23]:
Theorem 2. If there exists a smooth (m×m)-matrix valued function H defined
on ∆, which satisfies the boundary conditions (17) and the equation
(33) −
m∑
i,j=1
( 1
f2m−1
Hij
)
,ij
=
c
f2m+1
,
for a constant c, then c is the positive constant c∆,L,f given by (32), and the
Donaldson–Futaki invariant defined by
(34) F∆,L,f(ϕ) = 2
∫
∂∆
( ϕ
f2m−1
)
dσ − (c∆,L,f )
∫
∆
ϕ
f2m+1
dµ
vanishes for any affine function ϕ. If, furthermore, H is positive definite on ∆0,
in particular if H = Hu for a solution u ∈ S(∆,L) of (23), then
(35) F∆,L,f(ϕ) ≥
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for any smooth convex function ϕ on ∆, with equality in (35) if and only if ϕ is
affine.
Proof. By the second line of the general formula (31) along with the first line,
computed for ϕ = 1, for any H which satisfies (33) and the boundary conditions
(17) of Proposition 1, c must be given by (32). Furthermore, for such H and
any smooth function ϕ, the Donaldson–Futaki invariant (34) is given by
(36) F∆,L,f(ϕ) =
∫
∆
1
f2m−1
( m∑
i,j=1
Hijϕ,ij
)
dµ.
Specializing the above identity to the case where H is positive definite and ϕ is
affine (resp. convex) yields the rest of the conclusions. 
Remark 3. It follows from formula (32) that any compact, toric conformally-
Ka¨hler, Einstein–Maxwell manifold or orbifold must have positive scalar curva-
ture.
Formula (34) makes sense not only for smooth functions ϕ, but more generally
for continuous functions on ∆. Following [23], we introduce
Definition 4. Let (∆,L) be a labelled Delzant polytope and f a positive affine
function on ∆. We say that (∆,L, f) is K-semistable if F∆,L,f(ϕ) ≥ 0 for
any piecewise affine linear (PL) convex function ϕ on ∆. It is K-polystable if,
furthermore, the equality F∆,L,f(ϕ) = 0 is only possible for ϕ affine linear.
According to [23, Conjecture 7.2.2], the main conjecture in this theory is
Conjecture 1. There exists a solution of (23) in S(∆,L) if and only if (∆,L, f)
is K-polystable.
As the smooth convex functions are dense in the space of convex functions over
∆, Theorem 2 already shows that the existence of a solution of (23) implies
K-semistability of (∆,L, f). The argument from [48] show that more is true.
Corollary 3. If (23) admits a solution u ∈ S(∆,L) then (∆,L, f) is K-
polystable.
Proof. The proof is elementary and uses integration by parts (similar to the
proof of Lemma 2) in order to obtain a distribution analogue of (36) in the case
when ϕ is a PL convex function. For simplicity, and as we shall later use this
case, we only check that if (23) admits a solution u ∈ S(∆,L) then F∆,L,f is
strictly positive for a simple crease convex PL function ϕ, i.e. ϕ = max(L, L˜)
where L and L˜ are affine linear functions on t∗ with L − L˜ vanishing in the
interior of ∆; as F∆,L,f(L˜) = 0 by Theorem 2, we can assume without loss of
generality that L˜ ≡ 0.
Denote by F = ∆ ∩ {L = 0} the ‘crease’ of ϕ. This introduces a partition
∆ = ∆′ ∪ ∆′′ of ∆ into 2 sub-polytopes with F being a common facet of the
two. Notice that ϕ is affine linear over each ∆′ and ∆′′, being zero over ∆′′, say.
Furthermore, dL defines an inward normal for ∆′ (by convexity) and we use (24)
to define a measure dσ on ∂∆′. Let us write ∂∆′ = F ∪ ∂∆0, where ∂∆0 is the
union of facets of ∆′ which belong to ∂∆. We then have (using that ϕ ≡ 0 on
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∆′′)
F∆,L,f(ϕ) = 2
∫
∂∆
( ϕ
f2m−1
)
dσ − (c∆,L,f )
∫
∆
ϕ
f2m+1
dµ
=2
∫
∂∆0
( ϕ
f2m−1
)
dσ − (c∆,L,f )
∫
∆′
ϕ
f2m+1
dµ.
We now use (28) and (29) over ∆′ with H˜ij =
1
f2m−1H
u
ij, where u ∈ S(∆,L) is
a solution of (23), i.e, −
∑
ij H˜ij,ij =
c∆,L,f
f2m+1
. Noting that ϕ is affine over ∆′, i.e.
ϕ,ij = 0 we have
−(c∆,L,f)
∫
∆′
ϕ
f2m+1
dµ =
∫
∆′
ϕ
( m∑
i,j=1
H˜ij,ij
)
dµ
=− 2
∫
∂∆0
ϕ
f2m−1
dσ
−
∫
F
(
ϕ
m∑
i=1
〈dH˜(dL, ei), e
∗
i 〉
)
dσ
+
∫
F
H˜(dL, dL)dσ.
As ϕ vanishes on F , the term at the third line is zero, so that
(37) F∆,L,f(ϕ) =
∫
F
1
f2m−1
H(dL, dL)dσ > 0,
as H = Hu is positive definite over ∆0. 
We end this section by showing the uniqueness of the solution of (23), adapting
an argument originally due to D. Guan [28] in the extremal toric case. Consider
the functional
(38) E∆,L,f(u) = F∆,L,f(u)−
∫
∆
log detHess(u)
f2m−1
dµ,
defined for elements u ∈ S(∆,L) and which we shall refer to as the K-energy of
(∆,L, f). Donaldson shows [23] that the convexity of u implies that the second
term on the rhs of the above formula is a well-defined integral taking values in
(−∞,∞]. But one can alternatively introduce a reference element uc ∈ S(∆,L)
and consider instead the functional
u 7→ F∆,L,f(u)−
∫
∆
(log detHess(u)− log detHess(uc))
f2m−1
dµ
which is finite by [2, Thm. 2]. Using the formula d log detA = trA−1dA for any
non-degenerate matrix A and (31), one computes the first variation of E∆,L,f at
u in the direction of u˙(
dE∆,L,f
)
u
(u˙) =F∆,L,f(u˙)−
∫
∆
1
f2m−1
m∑
i,j=1
Huij u˙,ijdµ
=
∫
∆
[(
−
m∑
i,j=1
( 1
f2m−1
Hij
)
,ij
)
−
c∆,L,f
f2m+1
]
u˙ dµ,
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showing that the critical points of E∆,L,f are precisely the solutions of (23).
Furthermore, using dA−1 = −A−1dAA−1, the second variation of E∆,L,f at u
in the directions of u˙ and v˙ is(
d2E∆,L,f
)
u
(u˙, v˙) =
∫
∆
1
f2m−1
tr
(
Hess(u)Hess(u˙)Hess(u)Hess(v˙)
)
dµ,
showing E∆,L,f is convex. In fact, as Hess(u) is positive definite and Hess(u˙) is
symmetric, the vanishing
(
d2E∆,L,f
)
u
(u˙, u˙) = 0 is equivalent to u˙ being affine.
One can show (e.g. by using [2, Thm. 2]) that for any two elements u1, u2 ∈
S(∆,L), u(t) = tu1+(1− t)u2, t ∈ [0, 1] is curve in S(∆,L) with tangent vector
u˙ = u1 − u2. It follows by the convexity of E∆,L,f that if u1 and u2 are two
solutions of (23) (equivalently, critical points of E∆,L,f ), then u1 − u2 must be
affine. We thus have proved the following
Theorem 3. Any two solutions u1, u2 ∈ S(∆,L) of (23) differ by an affine func-
tion. In particular, on a compact toric Ka¨hler manifold or orbifold (M,ω,T),
for any fixed positive affine function in momenta f , there exists at most one, up
to a T-equivariant isometry, ω-compatible T-invariant Ka¨hler metric gJ ∈ C
T
ω
for which gJ,f =
1
f2 gJ is a conformally Ka¨hler, Einstein–Maxwell metric.
4. Einstein–Maxwell toric 4-orbifolds with b2 ≤ 2
4.1. Weighted projective planes. Recall that (see e.g. [2, 7]) any compact
toric symplectic 2m-orbifold whose momentum image ∆ is a simplex in Rm is
(orbifold) covered by a weighted projective space CPma0,...,am , where a0 ≥ a1 ≥
· · · ≥ am > 0 are integers with g.c.d.(a0, . . . , am) = 1. Note that, as the second
Betti number b2 of such an orbifold equals 1, the symplectic form is unique
up to homothety and symplectomorphism. Furthermore, as pointed out by R.
Bryant [12], each weighted projective space admits an extremal Ka¨hler metric
gBF , which is also Bochner–flat [12, 46]. In complex dimension m = 2, the
Bochner tensor of a Ka¨hler orbi-surface coincides with its anti-self-dual Weyl
tensor. It thus follows that the extremal Ka¨hler metric of CP 2a0,a1,a3 is self-dual,
in particular has vanishing Bach tensor [18]. A. Derdzinski [18] showed that the
metric g˜ = 1
s2
K
gBF is then Einstein (and therefore conformally Ka¨hler, Einstein–
Maxwell) whenever the scalar curvature sBF 6= 0. It is shown in [12, 16] that
this latter condition holds everywhere on CPma0,a1,a2 if and only if a0 < a1 + a2.
We summarize these known results in the following
Proposition 2. Each weighted projective plane CP 2a0,a1,a2 with weights satisfying
a0 ≥ a1 ≥ a2 and a0 < a1 + a2 admits a conformally Ka¨hler, Einstein–Maxwell
metric g˜ which is Einstein. The corresponding conformal Ka¨hler metric gBF =
f2g˜ is the extremal Bochner-flat metric of CP 2a0,a1,a2 and the Killing potential f
is a positive multiple of the scalar curvature sBF of gBF .
We now point out that the converse is also true, thus providing a uniqueness
statement for these spaces.
Theorem 4. Any conformally Ka¨hler, Einstein–Maxwell metric g˜ on a weighted
projective plane CP 2a0,a1,a2 must be given by Proposition 2. In particular, if
a0 ≥ a1 ≥ a2 and a0 ≥ a1 + a2, then CP
2
a0,a1,a2 does not admit any conformally
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Ka¨hler, Einstein–Maxwell metric, whereas if a0 ≥ a1 ≥ a2 and a0 < a1 + a2 it
admits a unique such metric up to isometry and homothety.
Proof. Let g˜ = 1
f2
g be a conformally Ka¨hler, Einstein–Maxwell metric on (M,J) =
CP 2a0,a1,a2 . As pointed out in Section 1.1, when m = 2 the 2-form ψ =
1
f2ρ
g˜
0 is
anti-self-dual and co-closed (and therefore harmonic). As b−2 (M) = 0, it follows
that ψ ≡ 0, i.e. Ricg˜0 ≡ 0. Thus, g˜ must be Einstein. As proved in [18], the
Ka¨hler metric g must be then extremal and f = λsg. By the uniqueness (mod-
ulo isometry) of the extremal (toric) metrics in their Ka¨hler class [28], we can
assume that g = gBF is the Bochner–flat metric on (M,J) (see [12, 46]), and
f = sBF . As f > 0 by assumption, gBF must have positive scalar curvature, i.e.
the weights must satisfy (see e.g. [12, 16]) a0 ≥ a1 ≥ a2 and a0 < a1 + a2. 
Remark 4. In terms of the theory developed in Section 3, CP 2a0,a1,a2 is a symplec-
tic toric orbifold, which up to a homothety of the symplectic form, is described
by the standard simplex ∆ ⊂ R2 and labels La = {L0 = a1a2(1−µ1−µ2), L1 =
a0a2µ1, L2 = a0a1µ2}, see [2, 7]. Theorem 4 tells us that (23) admits a solution
for some positive affine function f if and only if the extremal affine function
ε(∆,La) of (∆,L
a) (see [23, 36] for a definition) is everywhere positive, and f is
a positive multiple of ε(∆,La).
4.2. Toric orbifolds with b2 = 2. We consider here the case of a compact
toric symplectic 4-orbifold (M,ω,T) for which the associated labelled Delzant
polytope (∆,L) is a convex compact quadrilateral in R2. Equivalently, we require
that the second Betti number ofM equals 2. The existence of an extremal Ka¨hler
metric on such an orbifold has been solved (explicitly) in [5], following ideas from
[36] (where, in particular, the constant scalar curvature case has been classified).
We shall follow [5] closely in order to establish Conjecture 1, demonstrate an
explicit method for deciding whether or not a (∆,L, f) is K-polystable, and,
in the latter case, construct explicitly the toric conformally-Ka¨hler, Einstein–
Maxwell metric associated to (∆,L, f). For the convenience of the reader, we
decided to provide a brief review of the methods of [4, 5], sending the reader to
these references for further details.
4.2.1. Ambitoric structures. We start by a brief review of the local construction
of toric metrics for m = 2, via the ambitoric ansatz of [4].
Definition 5. An ambika¨hler structure on a real 4-manifold or orbifold M con-
sists of a pair of Ka¨hler metrics (g+, J+, ω+) and (g−, J−, ω−) such that
• g+ and g− induce the same conformal structure (i.e., g− = ϕ
2g+ for a positive
function ϕ on M);
• J+ and J− have opposite orientations (equivalently the volume elements
1
2ω+∧
ω+ and
1
2ω− ∧ ω− on M have opposite signs).
The structure is said to be ambitoric if in addition
• there is a 2-dimensional subspace t of vector fields onM , linearly independent
on a dense open set, whose elements are hamiltonian and Poisson-commuting
Killing vector fields with respect to both (g+, ω+) and (g−, ω−).
Thus M has a pair of conformally equivalent but oppositely oriented Ka¨hler
metrics, invariant under a local 2-torus action, and both locally toric with respect
to that action. There are three classes of examples of ambitoric structures.
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4.2.2. Toric products. Let (Σ1, g1, J1, ω1) and (Σ2, g2, J2, ω2) be (locally) toric
complex 1-dimensional Ka¨hler manifolds or orbifolds, with hamiltonian Killing
vector fields K1 and K2. Then M = Σ1 × Σ2 is obviously ambitoric, with
g± := g = g1⊕ g2, J± = J1⊕ (±J2), ω± = ω1⊕ (±ω2) and t spanned by K1 and
K2. Writing the metrics of the toric Riemannian surfaces (Σ1, g1) and (Σ2, g2)
as
g1 =
dx2
A(x)
+A(x)dt21; g2 =
dy2
B(y)
+B(y)dt22,
for positive functions A,B of one variable, and momentum/angular coordinates
µ1 = x, µ2 = y, t1, t2,
the metric g becomes
(39) g =
dx2
A(x)
+
dy2
B(y)
+A(x)dt21 +B(y)dt
2
2,
so that it is of the form (15) with corresponding matrix valued function H =
HA,B given by
(40) HA,B = diag(A(x), B(y)).
The scalar curvature of g is s = −(A′′(x) + B′′(y)) = sg1 + sg2 , showing that
extremal metrics are given by taking A and B to be polynomials of degrees ≤ 3
(i.e. each g1 and g2 be extremal), and CSC ones correspond to taking A and B
be polynomials of degrees ≤ 2 (i.e. g1 and g2 are CSC).
For a given (positive) affine function f(x) = f1x+ f0 of x, say, the condition
that the scalar curvature sg˜ of g˜ =
1
f2
g is a constant c, has been analyzed in
[34]. In our notation, one has by (22) and (40)
sg˜
f5(x)
= −
( A(x)
f3(x)
)
xx
−
( B(y)
f3(x)
)
yy
= −
1
f5(x)
(
(A(x), f2(x))(2) −B′′(y)f2(x)
)
,
where
(41) (G(x), R(x))(2) := R′′(x)G(x) − 3R′(x)G′(x) + 6R(x)G′′(x).
computes the transvectant of order 2 when R(x) is polynomial of degree ≤ 4
and G(x) is a polynomial of degree ≤ 2, see [4, App. A]. It follows that sg˜
is constant iff and only if A(x) =
∑4
k=0 akx
k is a polynomial of degree ≤ 4,
B(y) =
∑2
k=0 bky
k is a polynomial of degree ≤ 2, linked through the relation
(42) − (A(x), f2(x))(2) = −2b2f
2(x) + c.
Note that in the case when f is constant we obtain deg(A) ≤ 2 (i.e. the metric
g is CSC) whereas in the case when f(x) = f1x+ f0 with f1 6= 0, up to an affine
transformation of the variable x and rescaling of f , we can assume f(x) = x.
Then, (42) is equivalent to the constraints (compare with [34]):
(43) a2 = −b2, a1 = 0.
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4.2.3. Toric Calabi-type metrics. Let (Σ, gΣ, J, ωΣ) be a locally toric complex
1-dimensional Ka¨hler manifold, with a hamiltonian Killing vector field V and
momentum y. Let π : P → Σ be a (local) R-bundle with connection θ and
curvature dθ = π∗ωΣ, and A(x) be a positive function defined on an open interval
(α0, α∞) ⊂ R
+. Then on M = P × I, the metric
g = xgΣ +
xdx2
A(x)
+
A(x)
x
θ2, dθ = ωΣ(44)
ω = xωΣ + dx ∧ θ, J(xdx) = A(x)θ,(45)
is Ka¨hler, and the generator K of the R action on P along with the lift V˜ =
V H + yK of the hamiltonian Killing field of (Σ, gΣ, ωΣ) to M define a local
toric structure. It is not hard to see that (g+ = g, ω+ = ω) is ambitoric with
associated conformal Ka¨hler metric g− =
1
x2
g+, ω− =
1
xωΣ−
1
x2
dx∧ θ. It follows
that g− is again given by (44), by replacing x with x¯ =
1
x and the function A(x)
with A∗(x¯) = x¯4A(1/x¯). Writing the toric metric (gΣ, ωΣ) in momentum/angle
coordinates with respect to V as
(46) gΣ =
dy2
B(y)
+B(y)dt22, ωΣ = dy ∧ dt2,
for a positive function B(y), the Ka¨hler metric (g, ω) becomes (see [36])
g = x
dx2
A(x)
+ x
dy2
B(y)
+
A(x)
x
(dt1 + ydt2)
2 + xB(y)dt22
ω = dx ∧ dt1 + d(xy) ∧ dt2,
(47)
where
(48) (µ1, µ2) = (x, xy)
are the momentum coordinates and (t1, t2) are angular coordinates of (g, ω) with
respect to (K, V˜ ). The corresponding matrix valued function H = HA,B is then
(49) HA,B =
1
x
( A(x) yA(x)
yA(x) x2B(y) + y2A(x)
)
,
The ansatz (44) has been used in many places to construct explicit examples of
extremal Ka¨hler metrics. We follow here the notation in [36]. One can compute
the scalar curvature sg˜ of g˜ =
1
f2
g from (22) and (49), by using
∂
∂µ1
=
∂
∂x
−
y
x
∂
∂y
,
∂
∂µ2
=
1
x
∂
∂y
.
Let us consider the special case when f(x) = f0 + xf1 is an everywhere positive
function depending only on x. We then get
sg˜
f5
= −
(A(x)
xf3
)
xx
− 2
(A(x)
x2f3
)
x
−
B′′(y)
xf3
−
2A(x)
x3f3
The case f = f0 = const is analyzed in [36]: the metric g˜ is cscK and this
is equivalent to B(y) = b2y
2 + b1y + b0 being a polynomial of degree ≤ 2 (i.e.
(Σ, gΣ) having constant Gauss curvature sΣ = −2b2) and A(x) =
∑4
k=0 akx
k
being a polynomial of degree ≤ 3 (so a4 = 0) with coefficient a2 = −b2. In this
case sg˜ = −
6a3
f0
.
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We now assume (without loss) that f(x) = x+ α with x+ α > 0. Then, see
[35], g˜ has constant scalar curvature if and only if B(y) = b2y
2 + b1y + b0 is a
polynomial of degree ≤ 2 and A(x− α) =
∑4
k=0 akx
k is a polynomial of degree
≤ 4, such that
(50) a2 = −b2, 2a0 = αa1.
4.2.4. Regular ambitoric structures. Let q(z) = q2z
2 + 2q1z + q0 be a quadratic
polynomial and M a 4-dimensional manifold (or orbifold) with real-valued func-
tions (x, y, τ0, τ1, τ2) such that x > y, 2q1τ1 = q2τ2 + q0τ0, and such that
dx, dy, dτ0, dτ1, dτ2 span the cotangent space of M . Let t be the 2-dimensional
space of vector fields K on M with dx(K) = 0 = dy(K) and dτj(K) constant,
and let A and B be functions on open neighbourhoods of the images of x and y
in R.
Then, on a suitable open sub-manifold M0 ⊂ M , we define an ambitoric
metric with respect to t by
g± =
(
x− y
q(x, y)
)±1( dx2
A(x)
+
dy2
B(y)
+A(x)
(y2dτ0 + 2ydτ1 + dτ2
(x− y)q(x, y)
)2(51)
+B(y)
(x2dτ0 + 2xdτ1 + dτ2
(x− y)q(x, y)
)2)
,
ω± =
(
x− y
q(x, y)
)±1 dx ∧ (y2dτ0 + 2ydτ1 + dτ2)± dy ∧ (x2dτ0 + 2xdτ1 + dτ2)
(x− y)q(x, y)
,
(52)
J±dx = A(x)
y2dτ0 + 2ydτ1 + dτ2
(x− y)q(x, y)
, J±dy = ±B(y)
x2dτ0 + 2xdτ1 + dτ2
(x− y)q(x, y)
,
where, for any polynomial q(z) = q2z
2+2q1z+q0 of degree ≤ 2, we let q(x, y) :=
q2xy+ q1(x+ y) + q0, and the functions A(x) and B(y) are assumed positive on
M0.
Denote by S2 the 3-dimensional vector space of polynomials of degree ≤ 2.
The discriminant, viewed as a natural quadratic form on S2, gives rise to an
inner product 〈·, ·〉. The space of Killing fields of g± for the torus is naturally
isomorphic to the space
S20,q = {p(z) ∈ S
2 : 〈p, q〉 = 2p1q1 − (q2p0 + q0p2) = 0.}
The space S20,q in turn is isomorphic to the quotient space S
2/〈q〉 using the map
1
2adq, where
adq(w) = {q, w} = q
′w − w′q
is the Poisson bracket on S2. Thus, if (p1, p2) is a basis of S
2
q,0 and (w1, w2)
the corresponding basis of S2/〈q〉 (with pi =
1
2{q, wi}), momentum/angular
coordinates for g± are given by
µ+i = wi(x, y)/q(x, y), ti, (i = 1, 2)
µ−i = pi(x, y)/(x − y), ti, (i = 1, 2).
(53)
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It is straightforward to compute that the toric forms (15) of the metrics g± are
given by matrix-valued smooth functions HA,B± , respectively,
H
A,B
− (pi, pj) =
A(x)pi(y)pj(y) +B(y)pi(x)pj(x)
(x− y)3 q(x, y)
,
H
A,B
+ (pi, pj) =
A(x)pi(y)pj(y) +B(y)pi(x)pj(x)
(x− y) q(x, y)3
.
(54)
As shown in [4, Sect. 5.2], the metric g = g+ is extremal iff g− is extremal iff
A(z) = q(z)π(z) + P (z),
B(z) = q(z)π(z) − P (z),
(55)
where π(z) = π2z
2 + 2π1z + π0 is a polynomial of degree at most two satisfying
〈π, q〉 = 0, and P (z) is polynomial of degree at most four. In this case, the scalar
curvature is given by
(56) sg = −
{q, (q, P )(2)}(x, y)
q(x, y)
,
where (q, P )(2)(x) is the polynomial of degree ≤ 2 given by (41) and, we recall,
{·, ·} denotes the Poisson bracket of elements of S2.
Similarly, if p(z) = p2z
2 + 2p1z + p0 is a polynomial of degree ≤ 2 such that
〈q, p〉 = 0 and p(x, y) > 0 on M0, it is shown in [4, Sect. 5.2] that the metric
g˜ =
(
q(x,y)
p(x,y)
)2
g+ is conformally-Ka¨hler, Einstein–Maxwell provided that
A(z) = p(z)ρ(z) +R(z),
B(z) = p(z)ρ(z) −R(z),
〈(p,R)(2), q〉 = 0
(57)
where ρ(z) = ρ2z
2 + 2ρ1z + ρ0 is a polynomial of degree at most two, satisfying
〈ρ, p〉 = 0, and R(z) is polynomial of degree at most 4.
Remark 5. It is straightforward to check that if g = g+ is given by (51) for
some polynomials q(z), A(z) and B(z) such that A(z) and B(z) satisfy the first
two conditions of (57) for some polynomials p(z) and ρ(z) of degree ≤ 2, with
〈p, ρ〉 = 0, and some polynomial R(z) of degree ≤ 4, then the scalar curvature
sg˜ of g˜ =
( q(x,y
p(x,y)
)2
g is equal to
(58) sg˜ = −
{p, (p,R)(2)}(x, y)
q(x, y)
.
This is, in general, an affine function in momenta, i.e. the ansatz produces
an f -extremal metric in the terminology of Sect. 5.3.1, where f is the affine
function in momenta given in the (x, y)-coordinates by p(x,y)q(x,y) . If we assume,
moreover, that 〈p, q〉 = 0 and 〈(p,R)(2), q〉 = 0, elementary algebra shows that
{p, (p,R)(2)} = cq for some constant c, or equivalently, sg˜ = c is a constant.
Definition 6. A (local) Ka¨hler metric (g, ω) will be called ambitoric of product,
Calabi or postive/negative regular type if it is given by (39), (47), or one of the
metrics (g±, ω±) defined by (51) with respect to some q(z), respectively, for some
positive functions A(x), B(y). We will respectively refer to the corresponding
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examples of extremal Ka¨hler metrics (resp. conformal Einstein–Maxwell metrics
g˜ = 1
f2
g) as ambitoric extremal (resp. ambitoric Einstein–Maxwell) metrics of
product, Calabi or positive/negative regular type.
The local discussion above leads to the following useful observation.
Proposition 3. There is a bijective correspondence between ambitoric Einstein–
Maxwell metrics g˜ = 1
f2
g of positive regular type, associated to a positive Killing
potential f(x, y) on one side, and ambitoric extremal Ka¨hler metrics g¯ of positive
regular type, of positive scalar curvature sg¯(x¯, y¯) on the other, such that f(x, y) =
1/sg¯(x, y). Furthermore, if q(z), A(z), B(z) are the polynomials defining g, and
p(z) is the quadric polynomial defining the Killing potential f = p(x, y)/q(x, y),
then g¯ has corresponding polynomials q¯(z) = p(z), A¯(z) = A(z), B¯(z) = B(z)
whereas q(x, y) = sg¯(x, y)q¯(x, y). In particular, g = g¯ if and only if f = const,
i.e. g˜ is a cscK regular ambitoric metric.
4.2.5. Ambitoric compactifications. We now recall from the theory in [5] how
the local considerations in the previous subsections lead to ambitoric examples
on compact toric orbifolds.
The main observation is than in each case (product, Calabi, or regular) any
line x = α (resp. y = β) in the (x, y)-coordinates transforms to an affine line
ℓα = 0 (resp. ℓβ = 0) in the momentum (µ1, µ2)-coordinates. Indeed, this is
obvious in the product case when we take ℓα = α− µ1 (resp. ℓβ = β − µ2) and
in the Calabi case if we have ℓα = −αµ1 + α
2 (resp. ℓβ = βµ1 − µ2), whereas in
the regular case we use the identification between t and S2q,0 to write ℓ
+
α = (x−
α)(y − α)/q(x, y) = 0 (resp. ℓ+β = (x− β)(y − β)/q(x, y)) in the (µ
+
1 , µ
+
2 )-plane,
and similarly, ℓ−α = (x−α)q(y, α)/(x− y) (resp. ℓ
−
β = (y− β)q(x, β)/(x− y)) in
the (µ−1 , µ
−
2 )-plane.
In each case, we denote by pα = dℓα and pβ = dℓβ the corresponding normals:
in the product case we have pα = (−1, 0), pβ = (0,−1), in the Calabi case
pα = (−α, 0), pβ = (β,−1) whereas in the regular case
(59) p±α (z) = q(α, z)(z − α); p
±
β (z) = q(z, β)(z − β),
viewed as elements of S20,q.
Using the freedom in the choice of coordinates (x, y) (in the product and
Calabi cases (x, y) can be chosen up to a common additive factor whereas
in the regular case (x, y) are determined up to the action of SL(2,R)), we
can assume without loss that x ∈ [α0, α∞], y ∈ [β0, β∞] where 0 < β0 <
β∞ < α0 < α∞ and q(x, y) > 0 on [α0, α∞] × [β0, β∞] in the regular case.
This data then determine a labelled quadrilateral (∆,L) with labelling L =
( 1rα,0 ℓα0 ,
1
rα,∞
ℓα∞ ,
1
rβ,0
ℓβ0 ,
1
rβ,∞
ℓβ∞), where the real numbers rα,k, rβ,k must sat-
isfy
rα,0 < 0 < rα,∞, rβ,0 < 0 < rβ,∞
in order for L to determine a convex compact quadrilateral ∆. (Here we have
simplified notation in the regular case, writing ℓ rather than ℓ± when the mean-
ing is clear.)
Using the expressions (40), (49), (54) for the corresponding matrices H =
HA,B, one can show that the boundary conditions given in Proposition 1 are
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equivalent to
(60) A(αk) = 0 = B(βk) = 0, A
′(αk) = −2rα,k, B
′(βk) = 2rβ,k (k = 0,∞),
whereas the positivity and smoothness conditions mean that A(x) (resp. B(y)) is
smooth and positive on [α0, α∞] (resp. on [β0, β∞]). This leads to the following
(compare with [5, Prop. 3])
Proposition 4. Given the data of real numbers
0 < β0 < β∞ < α0 < α∞, rα,0 < 0 < rα,∞, rβ,0 < 0 < rβ,∞
which satisfy the integrality condition
spanZ
{ pα0
rα,0
,
pα∞
rα,∞
,
pβ0
rβ,0
,
pβ∞
rβ,∞
}
∼= Z2,
two smooth functions A(z) and B(z) satisfying the positivity conditions A(x) > 0
on (α0, α∞), B(y) > 0 on (β0, β∞) and the boundary conditions (60), and, in
the regular case, a quadric q(z) satisfying q(x, y) > 0 on [α0, α∞] × [β0, β∞],
the corresponding ambitoric metric compactifies as a toric Ka¨hler metric on the
compact toric orbifold M classified by the labelled quadrilateral (∆,L).
Definition 7. We shall refer to the compact Ka¨hler orbifold metrics obtained in
Proposition 4 as ambitoric compactifications, and additionally describe them as
positive/negative if we are referring specifically to the metric of positive/negative
regular type. Note that the quadrilaterals corresponding to ambitoric com-
pactifications of product and Calabi types are, respectively, parallelograms and
trapeziods.
4.2.6. Classification of ambitoric Einstein–Maxwell metrics. We are now ready
to prove our main result of this section.
Theorem 5. Let (M,ω,T) be a compact symplectic toric 4-orbifold whose ratio-
nal Delzant polytope is a labelled quadrilateral (∆,L) (equivalently, b2(M) = 2)
and f the pull-back toM via the moment map of a strictly positive affine function
on ∆. Then the following conditions are equivalent
(i) (M,ω,T) is K-polystable with respect to f ;
(ii) (M,ω,T) admits a T-invariant Ka¨hler metric g such that g˜ = 1
f2
g is a
conformally Ka¨hler, Einstein–Maxwell metric on M ;
(iii) (M,ω,T) admits an ambitoric compactification g such that g˜ = 1
f2
g is
an Einstein–Maxwell metric on M .
In particular, assuming condition (iii), if (M,ω) admits any T-invariant conformally-
Ka¨hler, Einstein–Maxwell metric with Killing potential f , it must be an am-
bitoric compactification.
Proof. Using Corollary 3, (iii) ⇒ (ii) ⇒ (i). Also, by the uniqueness (Theo-
rem 3), assuming condition (iii), any T-invariant conformally-Ka¨hler, Einstein–
Maxwell metric with Killing potential f on (M,ω) must be an ambitoric com-
pactification.
We need to show (i) ⇒ (iii). We follow very closely the proof of [5, Thm. 1]
which, in turn, is a generalization of the method in [36].
Let us denote by h = Aff(t∗) the 3-dimensional vector space of affine functions
in momenta. There is a distinguished element 1 ∈ h, representing the constant
affine function equal to 1. We consider the pencil of conics on P(h) which pass
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through the four points of P(h) corresponding to the four affine functions defining
L. There exists a unique conic in this pencil, whose associated symmetric bilinear
form makes 1 and f orthogonal. We shall denote this conic by C(∆, f), noting
that C(∆, f) does not depend on rescaling the elements of L.
Case 1. C(∆, f) is non-singular. As f > 0 on ∆ (and therefore the affine line
f = 0 does not intersect the segment of the Newton line between midpoints
of the diagonals of ∆), by [5, Prop. 4 & 5], (∆,L) admits a positive regular
ambitoric compactification such that, using the identification of the space of
quadric polynomials S2 with h which sends an element w ∈ S2 to the affine
function in momenta w(x, y)/q(x, y), C(∆, f) is identified with the (polarization
of) the discriminant of elements of S2, i.e. the inner product 〈·, ·〉 for elements
in S2. It follows that 1 corresponds to q and f = p(x,y)q(x,y) for a polynomial p such
that 〈p, q〉 = 0.
Fixing the data αk, βk, rα,k, q of the ambitoric compactification, and varying
the functions A(z) and B(z), introduces a class of compatible positive ambitoric
compactifications of (∆,L, f). According to Proposition 4, in order to show the
existence of an ambitoric compactification g such that g˜ = 1f2 g is an Einstein–
Maxwell metric on M , it suffices to find polynomials A(z) =
∑4
k=0 akz
k and
B(z) =
∑4
k=0 bkz
k of degree ≤ 4, which satisfy (57), the boundary conditions
(60), and which are positive respectively on (α0, α∞) and (β0, β∞). Leaving
momentarily the positivity condition for A and B aside, we now make a count of
the free constants versus the constraints in this problem. First, as q is fixed, and
as f is also given, the quadric p is also fixed (recall that any affine function in
momenta is written as f = pq ). Thus, the first two relations in (57) show that the
polynomials A, B are determined by eight constants (the five coefficients of R,
along with the three coefficients of ρ). These constants are subject to two linear
relations (the condition that ρ and p are orthogonal and the last relation in (57))
which will be viewed as two linear constraints on these eight constants. On the
other hand, it is easy to see that the boundary conditions (60) (for fixed αk, βk)
determine uniquely the 8 constants as linear functions of rα,k and rβ,k. Thus,
the two linear constraints can be re-expressed as two linear relations between
the real numbers rα,k and rβ,k.
Note that if polynomials A(z), B(z) satisfying (57) and (60) exist, then, even
if they do not satisfy the positivity condition, they still give rise to a smooth
matrix HA,B satisfying (33) and the boundary conditions (17) on (∆,L). By
Theorem 2, the Futaki invariant F∆,L,f defined by (34) must vanish, which is
equivalent to ∫
∂∆
ϕ
f3
dσ
∫
∆
1
f5
dµ =
∫
∂∆
1
f3
dσ
∫
∆
ϕ
f5
dµ
for ϕ = µi, i = 1, 2. This in turn can also be expressed via two linear constraints
on the parameters rα,k, rβ,k, as the latter appear as multiplication factors of dσ
restricted to the corresponding facet (see (24)). Rank considerations for the
constraints corresponding to the vanishing of the Futaki invariant thus allow
us to conclude that the two sets of two linear conditions are in fact equivalent.
Since the K-polystability of (∆,L, f) implies the vanishing of F∆,L,f , it follows
that there exist polynomials A(z) and B(z) satisfying (57) and the boundary
conditions (60).
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We still need to show that A(z) andB(z) are positive, respectively, on (α0, α∞)
and (β0, β∞). To this end, suppose that A, say, vanishes at x = α, α ∈ (α0, α∞).
Consider the simple crease function ϕα = max{0, ℓ
+
α } where, we recall from
§ 4.2.5, ℓ+α =
(x−α)(y−α)
q(x,y) . As shown in the proof of Corollary 3 (where positive
definiteness of H is not used), the formal solution H = HA,B+ of (33) can be used
to compute
F∆,L,f(ϕα) =
∫
Fα
H
A,B
+ (p
+
α , p
+
α )/f
2m−1dσ,
where Fα denotes the crease of ϕα, i.e. the segment in ∆ on which ℓ
+
α = 0 and
p+α = dℓ
+
α = q(α, z)(z − α) is the normal. By (54), the latter integral must be
zero, which is a contradiction with the K-polystability of (∆,L, f). We thus
conclude that A(x) (resp. B(y)) does not vanish on (α0, α∞) (resp. (β0, β∞)),
so it must be positive according to the sign of its first derivative at α0 (resp.
β0).
Case 2. C(∆, f) is singular (i.e. a pair of lines) and 1 /∈ C(∆, f). Dualizing, this
is the case when ∆ is not a trapezoid and the affine line {f = 0} passes through
the mid-point of the exterior diagonal of ∆ (see the proof of [5, Prop. 5]). By
[5, Prop. 4 & 5], (∆,L) admits a negative regular ambitoric compactification,
associated to the data αk, βk, rα,k, rβ,k and q. As observed in Sect. 4.2.4, in
the corresponding (x, y)-coordinates, the affine function f can be written as
f(x, y) = p(x,y)x−y for a quadric p satisfying 〈p, q〉 = 0. The same argument as the
one developed in Case 1 shows that one can find polynomials A(z) and B(z)
which satisfy (57), (60), and which are positive respectively on (α0, α∞) and
(β0, β∞), thus proving the claim.
Case 3. C(∆, f) is singular (i.e. a pair of lines) and 1 ∈ C(∆, f). If 1 is the
singular point of C(∆, f), i.e. the intersection of the two lines defining C(∆, f),
the dual conic C∗(∆, f) is a double line at infinity, where the affine structure on
P(h∗) is defined with respect to the projective line in P(h∗) dual to 1 ∈ P(h).
As this line must pass through the (exterior) points of intersection of the lines of
opposite facets of ∆ (recall that C(∆, f) is in the pencil of conics passing through
the 4 points determined by the affine lines of L), ∆ must be a parallelogram. In
this case, the orthogonality of 1 and f means that f belongs to one of the pair of
lines C(∆, f) determines, or equivalently, that the affine line {f = 0} is parallel
to a pair of parallel facets of ∆. Similarly, if 1 ∈ C(∆, f) is not the singular point
of C(∆, f), the dual conic C∗(∆, f) is a double line passing through the point
at infinity, which must then be the intersection point of two lines determined
by a pair of opposite facets of ∆, i.e. ∆ must be a trapezoid which is not a
parallelogram. The orthogonality between 1 and f translates again into the
fact that the affine line {f = 0} is parallel to the pair of parallel facets of ∆.
One can thus use the product or Calabi type ambitoric metrics to obtain an
ambitoric compactification on (∆,L). The fact that {f = 0} is parallel to a pair
of parallel facets of ∆ means that f can be written as an affine function of x
(with respect to the ambitoric compactification). The case when f is constant is
analyzed in [36]. By rescaling f if necessary, we may assume f(x) = x+ α, and
if we can construct the ambitoric Einstein–Maxwell metrics using Proposition
4, they would have to be of product or Calabi type. To this end, we need to
find two polynomials A(z) =
∑4
k=0 akz
k and B(z) =
∑2
k=0 bkz
k of degrees ≤ 4
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and ≤ 2, respectively, which satisfy (43) or (50), accordingly to the type, as
well as (60) and the positivity conditions. The important observation is that
in either case (as deg(B) = 2), the four boundary conditions for B(z) imply
a first overdetermined linear constraint rβ,0 = −rβ,∞, so in particular B(y) is
determined uniquely. Then, as A(z) has five coefficients, the four boundary
conditions for A(z) together with the two linear constraints for its coefficients
(given by (43) or (50), according to the type) determine altogether a second
overdetermined linear constraint. This translates again to two linear constraints
for the real numbers rα,k, rβ,k. The rest of the argument is identical to the one
in Case 1. 
Remark 6. The proof of Theorem 5 shows that for any labelled quadrilateral
(∆,L) and a positive affine function f , the existence of polynomials A(z), B(z)
of degree ≤ 4, which satisfy (57) and the boundary conditions (60) is equivalent
to the vanishing of the Futaki invariant F∆,L,f . This observation can be used
as an effective tool to compute whether or not F∆,L,f = 0. On the other hand,
there are cases when F∆,L,f = 0 is not only necessary but also sufficient for the
existence of a solution of the Einstein–Maxwell equation (23). Indeed, if (∆,L) is
a labelled trapezoid and the affine line in t∗ determined by f is parallel to a pair
of parallel facets of ∆, then the proof of Theorem 5 shows that vanishing of the
Futaki invariant implies there exist a formal solution of product or Calabi type.
In either case, the boundary conditions (60) and the respective linear constraints
(43) and (50) for A(z) and B(z) imply that A(x) and B(y) are positive on their
respective domains of definition (this is already observed in [36, p.379]): for
B(y) this is obvious as deg(B) = 2, B(β0) = 0 and B
′(β0) > 0 (which also forces
b2 < 0), whereas if A(z) has all of its roots in the interval [α0, α∞], A
′(α0) > 0
then forces a4 < 0, which is incompatible with the linear constraint a2 = −b2 > 0
(recall that we assumed α∞ > α0 > 0). Similarly, e.g. by using Proposition 3
and an argument from [5, Example 1], one can show that the vanishing of F∆,L,f
is a sufficient condition for K-polystability of (∆,L, f) in Case 2, as well as in
Case 1 when q(z) = (z − α)2, i.e. when g+ is an orthotoric Ka¨hler metric, or of
parabolic type in the terminology of [4]. In general, we expect that there should
exist unstable labelled quadrilaterals (∆,L, f) with F∆,L,f = 0, but we do not
show this here.
4.2.7. Examples. We can use Proposition 3 to generate many orbifold examples
of Einstein–Maxwell metrics. Indeed, let ∆ be any compact convex quadrilat-
eral in R2 whose vertices are rational points, and which is not a trapezoid. It
is shown in [36] that there exists a unique, up to an overall scale, labelling L =
{L1, . . . , L4} of ∆ such that (∆,L) admits a positive regular ambitoric Ka¨hler–
Einstein metric. It follows by [5, Thm. 1], that for any small positive rational
numbers ri, the labelled quadrilateral (∆,Lr) with Lr = {
1
r1
L1, . . . ,
1
r4
L4} ad-
mits a positive regular ambitoric extremal Ka¨hler metric with positive scalar cur-
vature s. The correspondence given by Proposition 3 together with Proposition
4 then allows us to associate to (∆,Lr) another labelled polytope (∆˜, L˜r) which
corresponds to the ambitoric compactification of a positive regular Einstein-
Maxwell metric with conformal factor f = 1/s and same polynomials A(z) and
B(z) as for the extremal metric, but a different q. This yields, for a given
polytope ∆, a family of examples, parametrized by the four rational numbers
r1, . . . , r4 (note that an overall scale of ri’s introduces homothetic metrics). The
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polytopes ∆ themselves are parametrized, up to an affine equivalence, by two
rational parameters. We thus obtain
Corollary 4. There exists a continuous-countable family, depending on 5 ra-
tional parameters, of non-homothetic simply-connected, compact conformally–
Ka¨hler, Einstein–Maxwell toric 4-orbifolds whose second Betti number is 2.
5. Further observations
5.1. Towards a quantized Futaki invariant on a polarized variety and
K-stability. In Section 2.2 (see Corollary 2), we defined a Futaki invariant
FΩ,K,a : g → R, associated to a given Ka¨hler class Ω on (M,J), a vector field
K ∈ g (where g = Lie(G) for a compact subgroup G ⊂ Autr(M,J)), and
a normalization constant a > 0 which determines a positive Killing potential
fK,ω,a for K for each Ka¨hler metric ω ∈ Ω.
In the case when Ω = 2πc1(L), where L is an ample holomorphic line bundle
over (M,J), one expects to obtain a quantized version of FΩ,K,a, i.e. an expres-
sion which does not depend on the choice of a reference Ka¨hler metric ω ∈ Ω,
similarly to [23, 45] and the “twisted modified Futaki invariants” introduced in
[10, 15, 21].
To this end, we assume that G ⊂ Autr(M,J) is an ℓ-dimensional real torus
which, without loss (by replacing L by a suitable positive tensor power if nec-
essary [31]), admits a lifted action on the total space of L. We denote by
Λ ⊂ g = Lie(G) the lattice of circle subgroups of G, and by Λ∗ ⊂ g∗ the dual
lattice. We consider the induced linear actions of G on the finite dimensional
vector spaces H0(M,L⊗k) of holomorphic sections of L⊗k, and denote by
H0(M,L⊗k) =
⊕
λ
(k)
i ∈Pk
E
λ
(k)
i
the decomposition of H0(M,L⊗k) as a direct sum of common eigenspaces for the
commuting infinitesimal actions of elements in g; here λ
(k)
i ∈ g
∗ are the weights
of the complexified action of G, or equivalently, for each H ∈ g, {λ
(k)
i (H), i =
1, . . . , Nk} is the spectrum, counted with multiplicity, of (−iA
(k)
H ), where A
(k)
H de-
notes the induced infinitesimal action ofH onH0(M,L⊗k) andNk = dimC(H
0(M,L⊗k).
It is well-known that λ
(k)
i ∈ Λ
∗. Also, for each k ∈ N we let Pk denote the finite
set of weights. Following [10, 47], one defines the spectral measure on g∗ ∼= Rℓ
by
νk :=
Nk∑
i=1
δ
λ
(k)
i /k
,
which is supported on Pk.
We now fix a G-invariant hermitian metric h on L (which induces a hermitian
metric h(k) on each L⊗k), with hermitian connection ∇ and curvature iω, where
ω ∈ Ω is a Ka¨hler form on (M,J). Let µ : (M,ω) → g∗ be the corresponding
moment map and H1, . . . ,Hℓ ∈ g be ℓ circle generators which allow us to identify
g ∼= Rℓ and use the corresponding momenta (µ1, . . . , µℓ) in order to regard the
moment map as µ : M → Rℓ. Let us denote λ
(k)
ij = λ
(k)
i (Hj) ∈ Z
ℓ. It is then
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shown in [47] that for any smooth function Φ(x1, . . . , xℓ) on R
ℓ,
lim
k→∞
νk(Φ)
km
= lim
k→∞
1
km
Nk∑
i=1
Φ(λ
(k)
i1 /k, . . . , λ
(k)
iℓ /k)
=
1
(2π)m
∫
M
Φ(µ1, . . . , µℓ)vω.
(61)
This implies in particular that the expression on the second line is independent
of the choice of a Ka¨hler metric ω ∈ Ω, a result previously known from Futaki–
Mabuchi [26]. We note here that the above equality holds for a function Φ which
is smooth on P = µ(M) (i.e. the convex hull in g∗ of the images of the fixed
points of the G-action) and on the convex hull of each Pk, see [10].
We shall now specialize to the case when µ1 > 0 on M , and Φ(x1, . . . , xℓ) :=
xp1x
q
j with p, q ∈ Z, q ≥ 0. Recall that (see e.g. [27]) for a fixed G-invariant
hermitian metric h on L with curvature iω, ω ∈ Ω, the hamiltonian function µj
of Hj with respect to ω is defined up to the choice of an integer additive constant
(corresponding to different lifts of the action of G to L). Once these constants
are fixed (in our case the only constraint is that µ1 > 0), the generators for
the lifted S1-actions on L are given by Hˆj = H
h
j − µjT , where H
h
j denotes the
horizontal lift of Hj with respect to the Hermitian connection ∇ on L, and T is
the generator of the natural (diagonal) S1-action on the fibres of L. The induced
infinitesimal S1-actions on a smooth section s ∈ Γ(L⊗k) are therefore
(62) A
(k)
Hj
(s) = ∇Hjs+ ikµjs.
Let λ
(k)
i1 be (a real) eigenvalue for (−iA
(k)
H1
)H0(M,L⊗k), corresponding to an eigen-
vector s
(k)
i ∈ H
0(M,L⊗k). By (62),
λ
(k)
i1 |s
(k)
i |
2
h = −
i
2
(d|s
(k)
i |
2
h)(H1)−
1
2
(d|s
(k)
i |
2
h)(JH1) + kµ1|s
(k)
i |
2
h,
showing that λ
(k)
i1 > 0 (as we have chosen the lifted action of G so that µ1 is
positive on M). It thus follows that Φ = xp1x
q
j is smooth on P = µ(M) and on
the convex hull of each Pk. Let
wp,qH1,Hj(L
⊗k) := νk(x
p
1x
q
j) = trace
(
−
i
k
A
(k)
H1
)p(
−
i
k
A
(k)
Hj
)q
.
As noticed in the proof of [10, Prop. 4.4], the Bergman density asymptotic
expansion (see e.g. [39]) implies that
(63) wp,qH1,Hj(L
⊗k) ≃
1
(2π)m
∞∑
r=0
bp,qr (H1,Hj)k
m−r,
where, according to (61), the first term is
(64) bp,q0 (H1,Hj) =
∫
M
µp1µ
q
jvω.
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For the second term, we expect in general
bp,q1 (H1,Hj) =
1
4
∫
M
sωµ
p
1µ
q
jvω +
pq
2
∫
M
µp−11 µ
q−1
j g(H1,Hj)vω
+
p(p− 1)
4
∫
M
µp−21 µ
q
jg(H1,H1)vω
+
q(q − 1)
4
∫
M
µp1µ
q−2
2 g(Hj ,Hj)vω,
(65)
where g(·, ·) = ω(·, J ·) is the corresponding Ka¨hler metric and sω is its scalar
curvature.
Remark 7. To the best of our knowledge, (65) is established only when p, q ∈
{0, 1}, see [27, Prop. 8.9.2]. It is plausible that the argument extends for any
p, q ∈ N. In the case when p < 0, one could try to use an approximation
argument as in the proof of [10, Prop. 4.4] (i.e. approximate xp1 by polynomials)
in order to establish (65) for any p, but we do not explore this idea in the present
paper.
Let us now consider the situation when the vector fields K and H in the
definition of the Futaki invariant FΩ,K,a(H) in Corollary 2 are the generators H1
and Hj respectively, with momenta µ1 = fK,ω,a and µj = hH,ω,b. Assuming that
(65) holds true, it then follows from (8), (13) and (14) that
1
4
(
b−2m−1,00 (K,H)
)
FΩ,K,a(H) =b
−2m+1,1
1 (K,H)b
−2m−1,0
0 (K,H)
− b−2m−1,10 (K,H)b
−2m+1,0
1 (K,H).
(66)
To further motivate the formula (66), we observe that it does hold true in
the toric case: switching from the complex to the symplectic point of view,
(M,L) is then described in terms of the corresponding compact Delzant convex
polytope ∆ ⊂ t∗ (where t is the Lie algebra of the m-dimensional torus T) with
labels L = {Lj(µ) = 〈uj , µ〉 + λj, j = 1, . . . , d} where the uj belong to the
lattice Λ ⊂ t of circle subgroups of T. The fact that M is a smooth polarized
variety tells us that the vertices of ∆ belong to the dual lattice Λ∗ ⊂ t∗, and
at each vertex of ∆, the adjacent normals span Λ. Taking any generators of Λ
as a basis of t identifies Λ and Λ∗ with Zm and introduces a natural euclidean
measure dµ on t∗ ∼= Rm. A central fact in the theory of algebraic toric varieties
is that the weight decomposition of H0(X,Lk) with respect to the complexified
torus Tc is isomorphic to Pk = {µ ∈ k∆ ∩ Z
m} with the weights identified with
corresponding elements of Zm. On the other hand, for any continuous function
Φ on t∗, we have for k large enough (see [30]):∑
λ∈k∆∩Zm
Φ(λ/k) = km
∫
∆
Φdµ+
km−1
2
∫
∂∆
Φdσ +O(km−2).
This formula implies that
bp,q0 (H1,Hj) = (2π)
m
∫
∆
µp1µ
q
jdµ, b
p,q
1 (H1,Hj) =
1
2
(2π)m
∫
∂∆
µp1µ
q
jdσ.
Letting µ1 = fK,ω,a and µ2 = hH,ω,b be the affine functions on t
∗ corresponding
to the vector fields K and H, it follows that (66), suitably manipulated, is equal
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to (2π)m times F(∆,L,fK,ω,a)(hH,ω,b) (see Sect. 3 for the definition), which in turn,
by the results in Sect. 3, equals FΩ,K,a(H).
The quantized version of the Futaki invariant discussed above would lead to a
general notion of K-polystability (similar to [23] in the case K = 0) which will be
relevant to the existence of Einstein–Maxwell metrics in the conformal classes of
Ka¨hler metrics in c1(L). In the toric case, using the toric degenerations and the
computation from [23], one can obtain the conclusion that the K-polystability of
(∆,L, fK,ω,a)) over rational PL convex functions is a necessary condition for the
existence of an Einstein–Maxwell metric in c1(L) (associated to a choice ofK and
a). Note that one might also define K-polystability for special degenerations (in
the terminology of Tian [44]), which are also G-equivariant. It will be interesting
to see even in this special case whether the existence of a conformally Ka¨hler,
Einstein–Maxwell metric associated to the triple (Ω,K, a) would imply that on
the central fibre (M0, J0,Ω0), the Futaki invariant FΩ0,K,a(H0) ≥ 0, where H0 is
the vector field corresponding to the circle action of the induced C×-action on
M0. We will not pursue these matters here.
5.2. Characterization of the conformally-Ka¨hler, Einstein metrics. It
is well-known since the work of Derzinski [18] that there exists an Einstein metric
in the conformal class of Ka¨hler metric on a 4-dimensional manifold if and only if
the (conformal) Bach tensor vanishes. For the examples discussed in Sect. 4, the
vanishing of the Bach tensor is expressed in [6, 4, 5, 35] in terms of an additional
quadratic relation between the coefficients of the polynomials A(z) and B(z).
It would be natural to try to extend such a characterization in general (and
possibly to higher dimensions too). As a first step in this direction, we notice
the following
Lemma 3. Let g˜ = 1
f2
g be a conformally-Ka¨hler, Einstein–Maxwell metric on
a connected 4-dimensional manifold (M,J). Then the following conditions are
equivalent
(i) g is an extremal Ka¨hler metric and f is a multiple of the scalar curvature
sg of g;
(ii) g˜ is either Einstein, or is a cscK metric homothetic to g.
Proof. (ii)⇒ (i) This is established in [18].
(i)⇒ (ii) Let g be an extremal Ka¨hler metric with non-vanishing scalar curva-
ture sg. Note that, as sg is a Killing potential by definition, sg is either constant,
or dsg 6= 0 on a dense open subset of M . We are going to show that in the latter
case g˜ must be Einstein.
The metric g˜ = 1
s2g
g satisfies δg˜W+ = 0, where W+ is the (conformally in-
variant) selfdual Weyl tensor of g (with respect to the canonical orientation of
(M,J)). The Bach tensor of g˜ is then given by [18] (see also [6]):
B g˜X,Y =
1
2
4∑
i=1
g˜(W+ei,Xr
g˜
0(ei), Y ).
Using the fact that the traceless Ricci endomorphism rg˜0 is J-invariant and the
selfdual Weyl tensor of the Ka¨hler surface (g, J) is (see e.g. [18])
g(W+X,Y Z, T ) =
sg
12
(ω ⊗ ω)0(X,Y,Z, T ),
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where (ω⊗ω)0 stands for the trace-free part of ω⊗ω viewed as an endomorphism
of the bundle of selfdual 2-forms Λ+(M) via the metric g, one gets
B g˜X,Y =
s3g
12
Ricg˜0(X,Y ).
Since the Bach tensor is a gradient of the Weyl functional (see [11]), one has
δg˜B g˜ = 0 whereas δg˜Ricg˜0 = 0 by the Ricci identity (recall that g˜ has constant
scalar curvature by the Einstein–Maxwell assumption). It thus follows that
(67) rg˜0(ds
♯
g) = 0.
Since rg˜0 is J-invariant and trace-free, it has at any given point real eigenvalues
(λ, λ,−λ,−λ), showing that (rg˜0)
2 =
|Ricg˜0|
2
g˜
4 Id. Applying r
g˜
0 to (67), we conclude
|Ricg˜0|
2
g˜dsg ≡ 0. This shows that Ric
g˜
0 vanishes on a dense open subset, therefore
everywhere on M . 
5.3. Computing the Futaki invariant.
5.3.1. f -extremal metrics and f -extremal vector field. It is a well-known fact [26]
that the vanishing of the usual Futaki invariant associated to a Ka¨hler class Ω
on (M,J) is equivalent to the vanishing of the so-called extremal vector field
ZΩ,G associated to some (and hence any) maximal torus G ⊂ Autr(M,J). One
can easily extend this notion to the setting of Sect. 2.
Consider first the symplectic point of view (Sect. 2.1), where the symplectic
form ω, the torus G ⊂ Ham(M,ω), and the positive hamiltonian function f
are fixed. It follows from Corollary 1 that the projection zG,ω,f of sJ,f with
respect to 〈·, ·〉f to the finite dimensional vector space of hamiltonians for the
elements of g = Lie(G) is independent of the choice of J ∈ CGω . We denote by
ZG,ω,f = gradω(zG,ω,f ) ∈ g the corresponding vector field on M .
Definition 8. The function zG,ω,f and the hamiltonian vector field ZG,ω,f it
determines will be referred to as f -extremal potential and f -extremal vector field,
respectively. A Ka¨hler metric gJ corresponding to J ∈ C
G
ω will be called f -
extremal if the scalar curvature sJ,f of
1
f2
gJ is a hamiltonian for an element in
g, or equivalently, if sJ,f = zG,ω,f .
It is then clear from Corollary 1 that the Futaki invariant FGω,f vanishes if and
only if ZG,ω,f = 0
1, in which case zG,ω,f = cω,f . Theorem 1 and Remark 1 (or,
equivalently, formula (9) with h = sJ,f ) imply that gJ is f -extremal if and only
if it is a critical point of the functional
∫
M
s2
J,f
f2m+1
vω over the space AK
G
ω , see also
[37].
The above considerations have a natural counterpart in the setting of Sect. 2.2
where the complex structure J , the torus G ⊂ Autr(M,J), a vector field K ∈ g
and a normalization constant a > 0 are fixed, and ω varies within the space KGΩ
of G-invariant Ka¨hler metrics in a given Ka¨hler class Ω. To this end, a simple
application of the G-equivariant Moser lemma (compare with [37, Rem. 3.3])
1If g is identified with the space of corresponding hamiltonians h satisfying 〈h, 1〉f = 0, then
〈·, ·〉f induces an euclidean product on g with respect to which ZG,ω,f ∈ g and F
G
ω,f ∈ g
∗ are
dual.
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shows that the fω,K,a-extremal vector field ZG,ω,fK,ω,a of (M,ω) does not de-
pend on the choice of ω ∈ KGΩ , and therefore gives rise to a well-defined real
holomorphic vector field ZΩ,G,K,a associated to (Ω, G,K, a). By the previous
discussion, ZΩ,G,K,a vanishes if and only if the corresponding Futaki invariant
FGΩ,K,a is zero.
5.3.2. The Futaki invariant of a weighted projective plane. To illustrate the no-
tions introduced in Sect. 5.3.1, let us consider the case when (M,J) is a weighted
projective plane CP 2a0,a1,a2 (see Sect. 4.1) with G = T being the (maximal) 2-
dimensional torus corresponding to the diagonal action of (C×)3 in homogeneous
coordinates. As noticed in Remark 4, up to a homothety of the symplectic form,
one can alternatively describe CP 2a0,a1,a2 as a toric symplectic orbifold (M,ω) cor-
responding to the labelled standard simplex (∆,La) = {La0 = a1a2(1−µ1−µ2) >
0, La1 = a0a2µ1 > 0, L
a
2 = a0a1µ2 > 0}. To account for the homothety factors
of the symplectic form, we shall consider more generally labellings of the form
Lr = {Lr0 =
1
r0
(1− µ1−µ2), L
r
1 =
1
r1
µ1, L
r
2 =
1
r2
µ2} with ri = ai/λ, where λ > 0
is a real number. We notice that for any choice of positive rational numbers
r0 ≥ r1 ≥ r2 > 0, (∆,L
r) parametrizes a weighted projective plane for some
weights a = (a0, a1, a2). We then have
Proposition 5. Let gBF be the Bochner-flat Ka¨hler metric on CP
2
a0,a1,a2 with
a0 ≥ a1 ≥ a2 > 0, viewed as an ω-compatible toric Ka¨hler metric associated
to the standard simplex (∆,La) and f be (the pull-back by the momentum map
of) a positive affine-linear function on ∆. Then, g˜BF,f =
1
f2
gBF is f -extremal.
In particular, the Futaki invariant FTω,f vanishes if and and only if g˜BF,f is
Einstein–Maxwell, i.e. if and only if a0 < a1 + a2 and f = λsBF , where sBF is
the scalar curvature of gBF .
Proof. We first prove that g˜BF is f -extremal, or equivalently, that that the
scalar curvature of g˜BF,f =
1
f2 gBF is a Killing potential. By using the explicit
expression [2, 12]
uBF =
1
2
[ 2∑
j=0
Lrj logL
r
j +
( 2∑
j=0
Lrj
)
log
( 2∑
j=0
Lrj
)]
,
for the symplectic potential uBF of gFB and (22), our claim is equivalent to
check that
(68) f5
[ 2∑
i,j=1
( 1
f3
(HuBF )ij
)
,ij
]
is an affine function in (µ1, µ2), where we recall H
uBF =
(
Hess(uBF )
)−1
.
Alternatively, as (68) manifestly depends continuously on the labels Lr (i.e.
on the rational parameters r = (r0, r1, r2)), it is enough to establish that (68)
is affine for positive rational triples r = (r0, r1, r2) with ri 6= rj for i 6= j. In
this case, the Bochner-flat metric is orthotoric [7, 12], i.e. gBF = g+ where g+
is the Ka¨hler metric given by (51), with q(z) ≡ 1, A(z) = R(z) = −B(z), where
R(z) is a polynomial of degree 4 with 4 distinct real roots. Note that in the
notation of Sect. 4.2.1, we have (using q(z) = 1) µ1 = x + y, µ2 = xy so that
the affine function f can be written as f(x, y) = p2xy + p1(x + y) + p0 where
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p(z) = p2z
2+2p1z+p0 is some element of S
2. Now, as A(z) and B(z) satisfy the
first two conditions of (57) with ρ(z) = 0, by Remark 5 the scalar curvature of
g˜ = 1
f2
g+ is sg˜ = −{p, (p,R)
(2)}(x, y), which is the polarization of a polynomial
of degree ≤ 2, i.e. an affine function in momenta (µ1, µ2).
According to the discussion in Sect. 5.3.1, the scalar curvature of g˜BF,f =
1
f2
gBF is the f -extremal function of (∆,L
r, f). It is constant if and only if
FTω,f = (2π)
2F(∆,Lr,f) = 0, which holds if and only if g˜BF,f is Einstein–Maxwell.
This and Theorem 4 conclude the proof. 
Remark 8. The arguments in the proof of Proposition 5 reveal an interesting
algebraic structure of the subset of the positive affine functions f for which
FTω,f = 0. Indeed, when the weights are mutually distinct, the latter subset is
identified with the subspace F ⊂ P(S2) ∼= RP 2 of projective classes of polyno-
mials p(z) = p2z
2 + 2p1z + p0 for which {p, (p,R)
(2)} is of degree 0. Given a
polynomial R(z) of degree ≤ 4, this realizes F as the intersection of two quadrics
in RP 2 (given by the coefficients before the z2 and z of {p, (p,R)(2)}(z)). They
always intersect at the point [p(z)] = [R′′′(z)] (which geometrically corresponds
to taking f = λsBF ), but they may also have other common points. For in-
stance, it is not difficult to check that if the coefficients of R(z) =
∑4
i=0 aiz
i
satisfy a23a0 = a
2
1a4, then [p(z)] = [−a3z
2 + a1] provides a different solution.
(One can show that this is essentially the only other point in the intersection.)
However, according to Proposition 5, in the latter case R(z) cannot have 4 real
roots α0 < α1 < α2 < α3 while at the same time p(x, y) = −a3xy + a1 be
positive on the product of intervals [α0, α1]× [α1, α2].
5.3.3. The Futaki invariant of CP 1×CP 1 and the classification of toric Einstein–
Maxwell metrics. Let M = CP 1×CP 1. Aside from the obvious constant scalar
curvature Ka¨hler product metrics in each Ka¨hler class, LeBrun [34] gave an ex-
plicit construction of conformally Ka¨hler, non-Ka¨hler Einstein–Maxwell metrics
on (M,J). In terms of Theorem 5, the LeBrun metrics are ambitoric compact-
ifications of the product Einstein–Maxwell ansatz over a labelled parallelogram
(∆,L), with the positive affine function f being such that the affine line f = 0
it determines is parallel to a pair of parallel facets of ∆. On the other hand,
we observed in Remark 6 that in this case the vanishing of the Futaki invari-
ant F∆,L,f is necessary and sufficient condition for the existence of conformally
Ka¨hler, Einstein–Maxwell metric with conformal factor f , so we are in position
to use the theory from Sect. 3 to give here a computer-assisted proof that the
non-Ka¨hler, conformally–Ka¨hler, Einstein–Maxwell metrics found in [34] are es-
sentially the unique ones on CP 1 × CP 1 for which the isometry group contains
a 2-dimensional torus.
Proposition 6. Suppose g˜ = 1f2 g is a conformally Ka¨hler, Einstein–Maxwell
metric on (M,J) = CP 1 × CP 1 which is not cscK, and whose isometry group
contains a 2-dimensional real torus. Then g˜ must be homothetically isometric to
one of the LeBrun Einstein–Maxwell metrics constructed in [34].
Proof. By assumption, g˜ is invariant under the action of a 2-dimensional torus
T in the connected component of identity in its isometry group. This action
must preserve the complex structure J as otherwise g˜ would admit a continuous
family of positively oriented compatible complex structures (the pull-backs of J
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by the isometric action of T) and, therefore, g˜ must be anti-self-dual (see e.g.
[42]). This is impossible, as the conformal Ka¨hler metric g must then be of zero
scalar curvature (see e.g. [21]), i.e. c1(M,J) · [ω] = 0, contradicting the fact that
CP 1 × CP 1 is a Fano complex surface. Furthermore, as CP 1 × CP 1 is simply
connected, Aut(M,J) = Autr(M,J). Thus the metric g˜ is toric, in the sense
given in the beginning of Sect. 3.
Fix a symplectic form ωS2 of volume 4π on S
2 = CP 1, and an S1 hamiltonian
action with momentum image the interval [−1, 1]. By rescaling, we can assume
g is compatible to the symplectic form ωλ = ωS2 ⊕ λωS2 , for some λ > 0. The
Delzant image of (M,ωλ) is the Delzant rectangle ∆
λ = [−1, 1] × [−λ, λ] with
the standard labelling L = {1 − x, 1 + x, λ − y, λ + y}. Using a homothety
of the y-variable, we can send (∆λ,L) to the labelled square (∆1,Lλ) where
∆ = ∆1 = [−1, 1] × [−1, 1] and Lλ = {1 − x, 1 + x, λ(1 − y), λ(1 + y)}, a
normalization we are going to use. As f is a T-invariant Killing potential for
(g, ωλ), f(x, y) = f0 + f1x + f2y. It follows from Theorem 2 that the Futaki
invariant F∆,Lλ,f = 0. In order to compute the Futaki invariant as a function
of the coefficients (f1, f2) of f , we are going to use formulae (10) and (11) with
respect to the ωλ-compatible toric product metric gλ = g1 ⊕ g
λ
2 , where
g1 =
dx2
A(x)
+A(x)dt21, g
λ
2 =
dy2
B(y)
+B(y)dt22
with A(x) = 1−x2, B(y) = 1λ(1− y
2). It is easily seen that gλ belongs to C
T
ωλ
.
Note that the positive constant µ := 1λ is the Gauss curvature of g2.
The scalar curvature of g˜λ = gλ/f
2 is (see (22) and (40))
sg˜λ =− f
5
[(A(x)
f3
)
xx
+
(B(y)
f3
)
yy
]
=(2(µ + 1)f1
2x2 + (2(µ + 1)f2
2)y2 − (8(µ + 1)f1f2)xy
+ (4(µ − 2)f0f1)x+ (4(µ − 2)f0f2)y + 2(µ+ 1)f
2
0
− 12f21 − 12µf
2
2 .
We thus have
cωλ,f =
∫
M
(sg˜λ/f
5)vωλ
/∫
M
(1/f5)vωλ
=
∫ 1
−1
∫ 1
−1
(sg˜λ/f(x, y)
5)dxdy
/∫ 1
−1
∫ 1
−1
(1/f(x, y)5)dxdy .
Feeding the explicit expressions to Maple software and performing the iterated
integrals, we get
cωλ,f = 6
(
2 f0
2f1
2 − 3 f1
4 + 2 f1
2f2
2 + 2µf2
2f0
2 − 3µf2
4 + µf0
4
−2 f0
2f2
2 + f2
4 + f0
4 + 2µf2
2f1
2 − 2µf0
2f1
2 + µf1
4
)
(f0 − f1 − f2)
(f0 − f2 + f1) (f0 − f1 + f2) (f0 + f2 + f1)
/(
−3 f0
4f1
2 + 3 f1
6 − 3 f2
4f1
2
+14 f0
2f2
2f1
2 − 3 f0
2f1
4 − 3 f2
2f1
4 + 3 f0
6 − 3 f0
4f2
2 − 3 f2
4f0
2 + 3 f2
6
)
We stress that the only explicit assumptions given to the software in the calcu-
lation of these integrals are to prevent it from interpreting them as improper.
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Similarly, we calculate the Futaki invariant evaluated on the affine functions
h = x and h = y, using
F∆,Lλ,f (h) =
1
(2π)2
∫
M
(sg˜λ − cωλ,f
f5
)
h vωλ =
∫ 1
−1
∫ 1
−1
(sg˜λ − cωλ,f
f5
)
hdx dy
The answers given by the software are
F∆,Lλ,f (x) = 16 f1
(
2µf0
4f2
2 + 5µf0
2f2
4 − 2 f0
2f1
4 + f2
6 − µf2
4f1
2
− 2 f0
2f2
2f1
2 − 4µf0
2f2
2f1
2 − 3µf0
4f1
2 + 2µf2
2f1
4 − µf1
6 − 2 f0
6 + f0
4f2
2
+µf0
6 + f2
2f1
4 − 2 f2
4f1
2 + 4 f0
4f1
2 + 3µf0
2f1
4
)/(
(f0 − f2 + f1)
(f0 − f1 − f2)
(
−3 f0
4f1
2 + 3 f1
6 − 3 f2
4f1
2 + 14 f0
2f2
2f1
2 − 3 f0
2f1
4
−3 f2
2f1
4 + 3 f0
6 − 3 f0
4f2
2 − 3 f2
4f0
2 + 3 f2
6
)
(f0 + f2 + f1) (f0 − f1 + f2)
)
,
and
F∆,Lλ,f (y) = −16 f2
(
− µf1
6 + 2µf0
2f2
2f1
2 − µf0
4f1
2 + f2
6 + f2
2f1
4
− 2 f2
4f1
2 + 3 f0
4f2
2 − 3 f2
4f0
2 − f0
6 + 2µf0
2f2
4 + 2µf0
6 + 4 f0
2f2
2f1
2
−5 f0
2f1
4 − 2 f0
4f1
2 + 2µf2
2f1
4 − µf2
4f1
2 − 4µf0
4f2
2
)/(
(f0 − f2 + f1)
(f0 − f1 − f2)
(
−3 f0
4f1
2 + 3 f1
6 − 3 f2
4f1
2 + 14 f0
2f2
2f1
2 − 3 f0
2f1
4
−3 f2
2f1
4 + 3 f0
6 − 3 f0
4f2
2 − 3 f2
4f0
2 + 3 f2
6
)
(f0 + f2 + f1) (f0 − f1 + f2)
)
.
We consider first the case where f0, f1, f2 are all nonzero. In this case F∆,Lλ,f
vanishes iff the two homogeneous polynomials in the fi’s appearing in brackets
in the numerators of the last two expressions vanish. Now both these polyno-
mials are affine in µ, so isolating µ from each, the resulting rational functions
must equal each other, and we check whether this can be the case. Factoring
the difference of these two rational functions, using the software, gives another
rational function whose numerator contains the factors f20 , the four linear terms
(f0 ± f1 ± f2) and
(69) − 3 f0
4f1
2 + 3 f1
6 − 3 f2
4f1
2 + 14 f0
2f2
2f1
2 − 3 f0
2f1
4 − 3 f2
2f1
4
+ 3 f0
6 − 3 f0
4f2
2 − 3 f2
4f0
2 + 3 f2
6.
The positivity of f over the vertices of ∆ implies f0 > 0 and (f0 ± f1 ± f2) > 0;
up to a homothety of g˜λ, we can also assume f0 = 1, and therefore |f1| < 1 and
|f2| < 1 again by using the positivity of f over (the vertices of) ∆. Thus, we
obtain that (69) must vanish for f0 = 1 and f
2
1 , f
2
2 in (0, 1). The expression (69)
(with f0 = 1) becomes a cubic polynomial in ξ = f
2
1 and η = f
2
2 :
Q(ξ, η) := 3η3 − 3(ξ + 1)η2 − (3ξ2 − 14ξ + 3)η + 3(ξ + 1)(ξ − 1)2.
Now Q(ξ, 0) > 0 for any ξ ∈ (0, 1), so that the polynomial Pξ(η) = Q(ξ, η) has
one negative real root η for any such ξ. On the other hand, the discriminant of
Pξ(η) is
−768ξ
(
9ξ4 − 30ξ3 + 47ξ2 − 30ξ + 9
)
,
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which is negative for ξ in (0, 1), as the expression in brackets has a positive
minimum in [0, 1] at ξ ≈ 0.533. Thus Pξ has no zeros in (0, 1) for any ξ in (0, 1),
so that (69) cannot vanish for f21 , f
2
2 in (0, 1).
This shows that either f1 or f2 must be zero, should F∆,Lλ,f = 0 for some
f . Suppose for instance f1 = 0 (the case f2 = 0 is similar). Note that as we
assumed g˜ is not cscK, we have in this case f2 6= 0, and we still normalize f
such that f0 = 1. Thus, f is positive over ∆ iff f
2
2 ∈ (0, 1). By the above
general expressions for the Futaki invariant, we have F∆,Lλ,f (x) = 0 whereas
F∆,Lλ,f(y) = 0 reduces to
(f22 − 1)
2(f22 − 1 + 2µ) = 0,
i.e. the Futaki invariant F∆,Lλ,f vanishes if and only if
1− 2µ = 1−
2
λ
= f22 ,
showing that λ ∈ (2,∞) is a necessary and sufficient condition for the existence
of such f . Furthermore, if such f exists there are, up to scale, precisely two
solutions of F∆,Lλ,f = 0, given by f
λ
±(x, y) = ±
√(
1− 2λ
)
y + 1.
The case f2 = 0 is treated similarly: one then gets that F∆,Lλ,f = 0 if and
only if
1− 2λ = f21 ,
showing that λ ∈ (0, 12), and that in this case up to scale there are precisely two
positive affine functions f with F∆,Lλ,f = 0, given by f
λ
±(x, y) = ±
√
(1− 2λ)x+
1.
The conclusion of the above analysis is that F∆,Lλ,f vanishes for some f if
and only if λ ∈ (0, 12) ∪ (2,∞) and for each such λ, up to a scaling factor, there
are precisely two values f = fλ± for which F∆,Lλ,f=0. Furthermore, as the affine
line f = 0 for those values is parallel to a pair of parallel facets of ∆, Remark 6
(which relies on the proof of Theorem 5 (see Case 3)) and Proposition 4 imply
that there exists an (ωλ-compatible) product ambitoric compactification gf such
that ( 1
f2
)gf is Einstein-Maxwell, as was explicitly shown in [34]. The uniqueness
Theorem 3 then shows that g must be gf , up to a T-equivariant isometry. 
Remark 9. We will now show that the two solutions of (23) associated to the
affine functions fλ±(x, y) are in fact conformal. Let us consider the case when
λ > 2, i.e. fλ± = ±
√
(1− 2λ)x+ 1 (the case 0 < λ <
1
2 can be treated similarly).
In general terms, let (∆,L) ⊂ t∗ be a labelled polytope associated to a toric
symplectic manifold (M,ω) while f > 0 is a positive affine function and u ∈
S(∆,L) is a solution of (23) defining a compatible Ka¨hler metric gu on M with
(1/f2)gu Einstein–Maxwell. Let F be an affine transformation of t∗ preserving
(∆,L). Then it follows from the theory developed in Section 3 that the pull-
back u¯ := F ∗u is a symplectic potential in S(∆,L), which in turn is a solution
of (23) with respect to the positive affine function f¯ := F ∗f . In particular, u¯
defines another Ka¨hler metric gu¯ compatible with ω, such that (1/f¯2)gu¯ is also
Einstein–Maxwell.
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We now apply this in our case, with F (x, y) = (−x, y) which clearly preserves
the labelled square (∆,Lλ) and sends fλ+(x, y) to f
λ
−(x, y). Let u+(x, y) be a sym-
plectic potential corresponding to the solution of (23) with respect to fλ+(x, y)
and u−(x, y) := u+(−x, y) the solution of (23) corresponding to f
λ
−(x, y). As
we have already noticed, the proof of Theorem 5 implies that the corresponding
Ka¨hler metric gu+ must be ambitoric of product type, i.e. is written as
gu+ =
dx2
A(x)
+A(x)dt21 +
dy2
B(y)
+B(y)dt22.
By [34], or by the discussion in Sections 4.2.2 and 4.2.5, B(y) = 1λ(1 − y
2) (as
B(±1) = 0, B′(±1) = ∓ 2λ), whereas A(x) is a degree 4 polynomial satisfying
the boundary conditions A(±1) = 0, A′(±1) = ∓2. The general form of such a
polynomial is
A(x) = (1− x2) + c(1− x2)2,
where c is a real constant. It follows that A(−x) = A(x), showing Hess(u+) =
Hess(u−), i.e. g
u+ = gu− . Let us denote this ωλ-compatible product Ka¨hler
metric by g. Thus, the two conformal Einstein–Maxwell metrics 1
(fλ±)
2 g are
conformal to the same Ka¨hler metric g.
In fact, the involution F of t∗ comes from the antipodal map (still denoted by
F ) on M = S2× S2 over the first factor, which sends the momentum variable x
to −x and leaves t1 unchanged. It follows from the above discussion that F is
an isometry of g which interchanges the two riemannian metrics 1
(fλ±)
2 g. Notice,
however, that F is not a biholomorphism with respect to the complex structure
of (g, ωλ).
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